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@ Taylor's Formula for Functions of One Variable
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Taylor's Formula for Function of One Variable

@ Let f(x) be at least n times differentiable and let a be a real number

@ The Taylor polynomial of order n around the point a is

(x—a)"

Po(x) = f(a)+(x—a)f’(a)+Mf”(a)—i—...—l— -

5 f(")(a)

N (v )k
= (Xkla)f(k)(a)
k=0 ’
e Want to use P,(x) to approximate f(x)

@ Questions:
o Convergence: does Pp(x) — x as n — 00?

o Order: how well does P,(x) approximate f(x)?
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Approximation Error

Difference between f(x) and P,(x) is called the n* order Taylor
approximation error

Taylor approximation error: derivative form

o Let f(x) be n+ 1 times differentiable, (1) continuous

o There is a point ¢ between a and x such that

(X _ a)n—f—l

(n+1)! ()

F(x) = Pa(x) =

Taylor approximation error: integral form

o Let f(x) be n+ 1 times differentiable, f("*1) continuous

F(x) — Po(x) = /X Mf‘(nJrl)(t) dt

3 n!
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Example: Linear approximation of log(x)

log(x)
0.5

-05 0.0

P1(x)

e Linear approximation of log(x) around the point a =1

@ Taylor polynomial of order 1 for f(x) = log(x)
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Example: Integral Form of Taylor Approximation Error

o What is the Taylor approximation error at the point x = e?

)= Pt = [P
f(e) — Pue) = /le(e - t)_21 dt

log(e) —(e—1) = { 2 dt

1

g
2_e — [Iog +i]
|-

- [Iog +Z {Iog }

= 2—-—e~—-0.718
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Example: Derivative Form of Taylor Approximation Error

@ What is the Taylor approximation error at the point x = €7

(X — 1)(1+1) "

f(x) = Pi(x) = Wf (c)
B (e —1)2
¢ 2e — 4

@ Have to know the approximation error to find c to find the ...

@ How is this useful?
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Bounding the Taylor Approximation Error

e Know that the true approximation error occurs at ¢ € [1, €]

o Follows that

(x — 1)?

5 f(€)

lerror] < max
cell,e]

132
max (e 1)

ce[le] 2c2

IN

1
< E(e —1)? ~ 1.476

o Thus |f(e) — Pi(e)| < 1.477
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© 'Big O" Notation
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“Big O" Notation

o Consider a degree n polynomial as x — oo
n
P(x) = Z arxk
k=0
@ As n — 00, the highest order term dominates the others

P n_ k n—1
lim ‘ (X)’ = lim 7’ 2 k=0 3kX ’ = lim an—l—zxifk
k=0

x—o00  xN X—00 xn X—00

= |an|

e “Big O" notation provides a compact way to state the same
information
P(x) = O(x") as X — 00
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“Big O" Notation

o Formally

let f,g:R—R

f(x) = O(g(x)) as x — oo means there are C >0 and M > 0
such that
e

(x)

For finite points: f(x) = O(g(x)) as x — a means there are
C >0 and 0 > 0 such that
f(x)

g(x)

~~

< C when x>M

0

< C when |x—a] <9

@ Example: Taylor polynomial approximation error

f(x) = Pa(x) = O((x — a)™™?) asx — a
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“Big O" Notation

@ Can also write the Taylor polynomial approximation as
f(x) = Pa(x) = O((x—a)"")

f(x) = Pa(x)+O((x —a)"™)

o) = f@)+..+ =D ;!a)n F("(a) + O((x — a)"?)

@ Linear approximation is second order

f(x) = f(a) + (x — a)f'(a) + O((x —a)?) as x — a

@ Quadratic approximation is third order

x — a)?
f(x):f(a)+(x—a)f’(a)+7( ) f’(a) +O((x—a)®) as x—a
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© Taylor's Formula for Functions of Several Variables
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Taylor's Formula for Functions of Several Variables

o Let f be a function of n variables x = (x1,x2,...,Xn)
@ Linear approximation of f around the point a = (a1, a2,...,an)

8f

) + — aj)
Z ! 3X:
o If 2" order partial derivatives continuous = 2" order approximation

+Z a)+O0(|x—al?) as x—a

o O(llx—all*) =X, O(lxi — ail?)

e Quadratic approximation around a is O(Hx —al|®)

< —a))(xj — a;) O*f
+Z X ) +ZZ ;(| )Gx;é?xj(a)

i=1j=1
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Taylor's Formula in Matrix Notation

o Let of Of of
Df(X) = 87)(1 8)(” Ce axn
[ o2r o o2f |
X1 — a1 ox2 Ox0x1 "' OxpOx
_ O*f O%f O%f
X—g= x2 . a2 D2 f(X) — Ox10x 8x22 U OxpOxo
X p—
n = an f 9%f 9%f
L Ox10xn  Ox20x, " x|

@ Linear Taylor approximation

f(x) = f(a) + Df(a)(x — a) + O(||x — al*)

@ Quadratic Taylor approximation

f(x) =f(a)+ Df(a)(x—a)+ %(X —a)'D*f(a)(x —a)+ O(||x — al®)
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Example: Functions of Two Variables

@ Let f be a function of 2 variables

e Linear approximation of f around the point (a, b)

F(x.y) ~ (2,6) + (x — )5(2.0) + (v = b)) (.b)

e Second order approximation since (as (x,y) — (a, b))
of of
f(X7y) - f(aa b)+(x_a)a7(av b)+(y_b)@(aa b)
O(lx — al?) + O(ly — bP?)
@ In matrix notation

f(x,y) = f(a) + Df(a, b) [ +O0(]x = al*) + O(ly - b|?)

—b
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Example: Functions of Two Variables (continued)

e Quadratic approximation of f around the point (a, b)

of

fxy) = fla.b)+ (x= )5 (3.6)+ (v = b)) (a.b)

X — )2 82 2
Lo . ) gxg(a,b)—i—(x—a)(y—b)ai(;y(a,b)

(y — b)2 0*f

+ S 5,(a:0)+ 0(x— %) + Oy — bP’)
@ Matrix notation
f(x,y) = f(a b)+ Df(a, b)l Z

+ %[x—a y — b| D*f(a,b) [y_ﬂ

O(lx —af) + O(ly — bF)
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@ Taylor Series Expansions
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Taylor Series Expansions

o If f is infinitely many times differentiable, can define Taylor series
expansion as

0 T = (x —a) (k)
T(x) = n"l';o Pn(x) = n||—>nc1>o Z k! ()
k=0 '

@ A Taylor series expansion is a special case of a power series

T(x)=S(x) = Jim > an(x - a)k = i ak(x — a)~
k=0 k=0

. .. f
o Power series coefficients a, = k|a

o Convergence properties for Taylor series inherited from convergence
properties of power series
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Radius of Convergence

@ The radius of convergence is the number R > 0 such that

S(x):Zak(x—a)k<oo Vxe(a—R,a+R)
k=0

@ S(x) infinitely many times differentiable on the interval (a— R, a+ R)
@ S(x) not defined if x <a— Rorifx>a+ R

o If limy_ s |ak|Y/¥ exists, then

B 1
lim |a,|/%
k—o00
@ For Taylor series expansions, if limy_, W exists, then
1 k
R=- lim

e k—oo |F(K)(a)|1/k
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Radius of Convergence

e Sofar, T(x) < oo forxe(a—R,a+ R)
e Want to know if/where T(x) = f(x)

@ Theorem: let 0 < r < R, if

rk
lim |— max |[fR()|| =0

k—oo | k! ze[a—r,a+r]

o Then T(x)="f(x) V|x—al<r
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e Taylor series expansion of f(x) = log(1 + x) around the point a =10

k=0

o fI(x)=1+x)"1 ..., FR(x) = (=)D (k — 1)1+ x)~k
o f(0) = (—1)kHD(k — 1)I(1)~k = (=1)FD(k — 1)

@ Taylor series expansion of f(x) = log(1 + x) around a =0

T(x) = i (x ; 0)* f(k) i (k+1) X"
k=1 k=1
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Example (continued)

o Find radius of convergence
: k _ k
AR W [ (k= 1)1k

= hmmm
@ Power series definition 0
—1)(k+1)
lim |ax|Y* = lim (=1)
k—o00 k— 00 k
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Example (continued)

1
|imk—>oo |ak|1/k B
e Where does T(x) = log(1 + x)?

@ Radius of convergence: R =

n n —1)"*1(n —1)!
lim = max [f"(z)] = lim — max (=)™ (n—1)
n—oo nl  ze[—r,r] n—oo nl  ze[—r,r] (]. + Z)n
r" (n—1)!

= lim — max —
n—oo nl ze[—r r] ’1+Z|”

r" (n—1)!

oo (1—r)r

o T(x)=log(1l+ x) for |x| <

1
2
%
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© Bond Convexity
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Bond Pricing Formula

Price

400

300

200

100

@ The price P of a bond is

where:

Cx = coupon payment
F = face value

n

2

k=1

F
L+

_ Sk
14+ Xk

n = # coupon periods remaining
A = yield to maturity
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Linear Approximation

Price

0 T T T N S T T SN T TR T Y N SRR Bk Lo

0 5% 10% 15% 20%

@ The tangent line used for approximation
dP dP
L(A\) = P(0.10) + (A — 0.10)5(0.10) where o —Dy P

@ Said last time: approximation can be improved by adding a quadratic
term —> approximate using a degree 2 Taylor polynomial
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n
dk
Recall: PV, = ———— P = PV,
¢ e KT NR kgl k= Z:[1+/\]/<
. 1 d°P
o Convexity: = -
Y ¢ P d)\?
d? [1 n »
AT
dA Pk:1

e PR
P& ka2

% S akk(k+1)[1+ A KF2)
=1

P[1+)\]22k (k1 [1+)\]k

.2 Taylor Series
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Let Py and Ag be the price and yield of a bond

Let Dy and C be the modified duration and convexity
AP~ —DyPAN + SPC(AN)?
Po + =DuP(A = do) + 5 PC(A = Ao)?

P

~
~

Price

Po-+ (3= 20) 5 (o) + L2V S g

2 d\?
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