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@ Functions of Several Variables
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Scalar Valued Functions

@ A function of several variables that takes values in R is called a
scalar valued function.

@ Notation: f:R" = R

y ="f(x1,x2,...,Xn) yeR, xieR for j=1,...,n

o Example: Black-Scholes Formula for a European Call Option Price

Inputs: S  asset price o asset volatility

K strike price r risk-free interest rate
T maturity g asset continuous dividend rate
t time
C(s,t;-) =
SedT=d(d(S,t;-) — Ke (T d(d_(S,t;-)) J

_log(7) +(r—g+5)(T—1)

g c ) —
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Partial Derivatives

o letf:R" =R

@ The partial derivative of f with respect to x; is denoted by

%(xl, ..., np) and is defined as
J

ﬁ(): im f(xt, .., Xji—1, X+ h, Xj1, ..., xn) — F(x1, ..., Xn)
8Xj h—0 h

if the limit exists and is finite.

@ In practice, to compute %
J

o fix x, for k #

o differentiate f as a function of one variable x;
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8 o 8 2 7Xy3 _ 3
af(x,y) = a[yx]—i-a[e ] let u=—xy
_ a 2 a u
= Ya[x}ﬂLa*X[e]
B L ou 8u__ 3
R ARr™ ax Y

= 2xy — y3e*Xy3
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Example (continued)

0 0 0 3
f _ 2 —Xy’ | w3
3y (x,y) 3y, [y x| + 3y [e™] et u= —xy
0 0
_ 2 u
x dy i dy (€]
ou ou
_ 2 u _ 2
= X" +e —ay —ay 3xy
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The Gradient

o Let f(x)="f(x1,...,x5) : R" = R. The gradient of f(x) is denoted
by D f(x) and is defined to be the following 1 x n array of partial
derivatives.

o or or
Ox) Oxo Oxp

D f(x)
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Vector Valued Functions

@ A function of one or several variables that takes values in a
multidimensional space is called a vector valued function.

@ Notation: f: R” — R™

A(xt, ...y Xn)
fo(x1,...,X
f(Xla . 7Xn) = 2( ' ”)
| fn(x1, .- x0) |
@ Partial derivatives have the form
of;
8Xj(x1, ey Xn)

@ There are n X m first-order partial derivatives in total. Yikes!
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© Higher Order Partial Derivatives

Kjell Konis (Copyrigh 3. Partial Derivatives



Higher Order Partial Derivatives

@ For functions of a single variable:
d? d[d d "
0 = || = £ F ) =)

@ For functions of several variables:

92 o T[d 0 0
e = || = Ly = y—e¥ = y2e¥
8xze Ox [8xe } Ox ye?] y&xe ye
92 o0 0 0
e = || = L [xe¥] = x—e¥ = x2e¥
8y2e Dy L,)ye } 8y[xe ] xaye x“e

@ For functions of several variables also have mixed partial derivatives:

92 8[8 } 0

eV = —e¥

Ox0y T 9x oy
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Mixed Partial Derivatives

2 82
and ?
Oxdy Oy 0x

o What is the relationship between

2

o Already saw that e =¢e&Y 4 xye?

xJy
0? o0 0 0

4 = — | eV = — Y = gV — e =V 4
8y8xe dy [ﬁxe } oy ye¥] =e Jry@ye €7 T xve

e For f(x,y) = e¥ have

0°f B 0? &Y — &Y 4y — 0? o 0?f
ox0y  Oxdy yer = dydx  Oydx

e But, f(x,y) = &Y has a certain “symmetry” wrt differentiation

@ Let's see what happens when f(x,y) = x%y + e’
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Mixed Partial Derivatives

0?f oo
— —Xy — 3
xdy Ix 8y (x y+te )] let u Xy
T oox | 3y
. 8 I 2 u BU _ 2
= _x +e ({)y} @ = —3xy
— 9 1 2 2 _—xy?
= X" - 3xy“e }

= 2X—{3ye s —|-3xyaa ]

0 0
= 2x—3ye Y - 3xy2e“6—i 6—;: =y

= 2x — 3y2e_xy3 + 3xy5e_xy3
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Mixed Partial Derivatives

0°f 0[]0

- 2| = 2 —xy3 - _ 3
By By Lox (x yv+e )] let u Xy
oI 0
= ~ |2 et
ay | Xy + 6)Xe }
oI ou ou
= 21 u U ou_ _ 3
ady | Xy e 8X} Ox Y
_ 971 3 u
= @_2xy—y e}
= 2x-— {3y e 1y = 0 }
oy °
= 2x—3y2e_xy3—y e g; g;:—3xy2

= 2x— 3y2efxy3 + 3xy5e’xy3
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Mixed Partial Derivatives

o When f(x,y) = x2y + e have

0?f
Ox0y

0?f
= 2x — 3y2e_xy3 + 3xy5e_xy3 =
Oy0x

@ Theorem If all of the partial derivatives of order k of the function
f(x) exist and are continuous, then the order in which partial
derivatives of f(x) of order at most k are computed does not matter.
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o Let f(x)="f(x1,...,xn) : R” — R. The Hessian of f(x) is denoted
by D?f(x) and is defined to be the following n x n array of (mixed)
partial derivatives.

r & 0*f O*f T
8x12 (9X2(3X1 8X,,(9X1
R
DF(x) = Ox10x Ox3 OxnOxpy
0*f O*f *f
L Ox10Xn Ox20xp ox2 |
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© Functions of Two Variables
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Functions of Two Variables

o Let f=f(x,y): R? — R be a scalar-valued function

@ The partial derivatives of f are also functions of x and y:

of o fx+hy) = f(xy)
ax oY) = h
of o floy +h) = f(x,y)
gy oY) = Jim h

@ The gradient of f(x,y) is

of of
Df(Xay): a(xv)/) @(X’y)
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Functions of Two Variables

@ The Hessian of f(x,y) is

O2f O2f
827()(7.)/) aan(X’y)

Dfoy)=| )
o“f o-f
axay(x7y) @()Qy)
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e Let f(x,y) = x2y3. Evaluate D f and D?f at the point (1,2)

of

&(X’y) =

of

@(X’y) =

Pf

ﬁ(X,Y) =

0*f (x.y)
Ox0y Y

Pf

87)/2()(’}/) =

2xy3
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Example (continued)

Df(x,y)

Df(1,2) =

D?*f(x,y)

D?f(1,2)

Kjell Konis (Copyright ©

2013)

S 5] = 29® 37

[2x1x2% 3x1%x2% =[16 12]

[ 0 O

Ox2  Oydx 2y 6xy2

92 F O2F :[6xy2 6X2Y1
| oxdy  9y?

2 x 23 6><1><22]_l16 24
_6><1><22 6x12x2 | | 24 12
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@ The Chain Rule for Functions of Several Variables
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Chain Rule for Functions of a Single Variable

e Let f(x) be a differentiable function

o Let x = g(t) where g(t) is a differentiable function

@ f(x) can be thought of as a function of t: f(x) = f(g(t)), and
df _ df dx
dt  dxdt

d
e Example: evaluate alog(cos(t))

Let f(x) = log(x), x = cos(t)

& = () |
dt  dt dx dt  x cos(t)
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Chain Rule for Functions of 2 Variables

Let f(x,y) be a differentiable function

(]

Let x = g(t) and y = h(t) where g and h are differentiable functions

o f(x,y)="r(g(t),h(t)) is a function of t and

e, h(1) = 5 (6(2).h(0) €(0) + 5 (£(6).h(0) (@)

Using Leibniz notation:

df _ 0fdx 0Of dy
dt ~ ox dt dy dt
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o Let f(x,y)=x>+y+xy3 x=¢€%, and y=1t>

o First, by direct computation

f(t) = e +t2 4%
d
() = 4e*t 2t + [6t°€* + t°2€%]
df
i 2t5e?t 1 6t%e%t + 2t + 4e*

Kjell Konis (Copyright © 2013) 3. Partial Derivatives



Example (continued)

@ Again, using the chain rule

f(x,y)
of
Ox
%
dt

Kjell Konis (Copyright ©

X2—1—y—|—xy3
2x + 3 g:l—i—?)xyz
dy
dy
2%t = =2t
¢ dt
Of dx  Of dy o
= 2x 2 1+3 t
8xdt+8ydt ( +y)e +(+XY)

= (2% +t%)2e% + (1 + 3t%e?) 2t

2t0e%t + 6t°e?t + 2t + 4e*t
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Chain Rule for Functions of 2 Variables

o Let f(x,y) be a differentiable function
o Let x =g(s,t) and y = h(s, t) where g and h are differentiable
o f(x,y)="f(g(s,t),h(s,t)) is a function of s and t

of _ ofox , ofdy
ds  Oxds Oy0s
_ 0fog_ofon
 Ox0s  OyO0s
of _ ofox , ofdy
ot Ox Ot Oyot
_ orog  ofoh
 Ox Ot Oy ot
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Chain Rule for Functions of n Variables

o In general, let f = f(xy,...,x,) be a function of n variables
e Fori=1,...,n, let x; = xi(t1,...,tm) be functions of m variables

@ The partial derivative of f wrt t; is

OF _ g~ 0f 0x
Btj N e ox; atj
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o f(x1,x0,x3) = x? + x1x2 + x1X3 + 2x32

xi(ti, ) =2 —t3+1, xo(ty, ) =ta+t1+1, x3(ty, o) = —t7 —1

of
o Compute ot

o ofdn | 0f e O 0x
oty Ox1 0ty Oxy Oty Ox3z Ot1

= (2x1 +x2 + x3)(2t1) + (x1)(1) + (x1 + 4x3)(—2t1)
= 8 28424+t 4+t +1—1t7—1)(2t)
it — B+ 1)+ (6 -+ 14t —4)(-2h)
= (f — 6+t +2)(2t) + (6 — 5 +1) + (3] + £ + 3)(2t1)

= 88 4+3t7+10t — 5 +1
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e Implicit Functions
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Implicit Functions

So far, functions have expressed one variable in terms of another (or
others), e.g.,

y ="f(x) = V1—x2 or y = sin(x)

An implicit function is defined by a more general relation between the
variables, e.g.,

xX24+y?=1 or x3 4y = 6xy
In some cases, possible to solve for one variable as an explicit function
(or functions) of the others.

Terminology: let F(x,y, z) be a function of 3 variables. The set of
points that satisfy
F(x,y,z)=0

is called the locus defined by F.
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Implicit Functions

Circle Folium
xX>+y?=1 x3 4+ y3 = 6bxy
@ blue curve: y =1 —x2 @ blue curve: more difficult ...

@ redcurve: y = —v1 —x2
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Circle

Slope of tangent line to the unit circle

@ Case 1: blue curve o Case 2: red curve
d d d d
‘4, - 4 _ 2 Y, _ Y _./qA 2
de dx 1-x de dx [ 1=x }
dx dx(l_x)2 dx  dx [_(1_)()2}
1 1
= Z(1-x3)7% (-2x) = —2(1-x%)72 (=2%)
2 2
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Derivatives of Implicit Functions Using the Chain Rule
@ Recall that if y is a function of x then the chain rule says

d d d d

de :d7y

dx Y dx

d
X4y =1 Zy—y = —2x
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o Compute % for the Folium

24+y? = 6xy
d. 3 3 _ d
d—x[x +y’] = ™ [6xy]
d . ;5 d, 3 d
a[x]—i-dfx[y] = 6y—|—6xdx[y]
dy dy
2 20 _ ay
3x° 4+ 3y o 6y+6xdx
d
(3y? — 6x)d—§ = 6y —3x?

dy 2y — x?
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Example (continued)

dy_2y—x2
dx  y? —2x
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@ Put-Call Parity and The Greeks
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The Greeks

@ Let V be the value of a portfolio of derivative securities based on one
underlying asset

@ The rates of change of the value V wrt pricing parameters (e.g., asset
price, volatility, etc.) useful for hedging

@ These rates of change are called the Greeks of the portfolio
o Consider a portfolio containing a single European call option

@ Price using Black-Scholes

Inputs: S asset price o asset volatility

K strike price r (continuous) risk-free interest rate
T maturity q (continuous) asset dividend rate

t

time
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The Greeks

@ Black-Scholes formula for a European call option:

C(S,t) = Se 9T 9d(d,) — Ke (Tt o(d_)

where
d(z) = \/L/Z 7§dx
Iog(%) (r—q—i—%z)(T—t)
d = ovVT —t
log (%) + (r—a-%)(T—1)
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Put-Call Parity

e ((t) and P(t) prices of European call and put options on same asset
@ Same maturity T and strike price K

o Put-Call parity states that

P(t) + S(t)e 97— — C(t) = Ke (T~
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The Greeks

oC
o Delta (A): rate of change of C wrt S A= 35
A 2C
e Gamma (I'): rate of changeof Awrt S = (?95 = ?952
oC
o Theta (©): rate of change of C wrt ¢t O = s
oC
e Rho (p): rate of change of C wrt r P="5
oC
@ \Vega: rate of change of C wrt ¢ vega = 5
(oa
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@ Delta
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@ The Delta (A) of a European call option is the rate of change of
C(S,t) wrt the asset price S

A = S,t)

a5 ¢

= % [Se=9T=90(d, ) — Ke " (T-0(d_)|

0 0
— —q(T—t) 2 _ Ke—H(T—-t) 2

@ By the product rule:

0 0
— —q(T—t) e _ —r(T—t) Y
e (d}) + S550(d))| — Ke ¢ ®(d-)]
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Delta (continued)

o Consider the partial derivatives
K

@ The chain rule says
0 0 ody
Hcl®ds)] = @[‘b(di)]g

@ Recall definition of ®

o(d * d = 5 d

(@) = [T ota= [T e ux

B o 9 0 [ 1 2
;. Pde) = adi/_oo(b(x)dxzadi/oo\ﬁ dx
o) 1 @

gay O4) = dlde) = e
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Delta (continued)

@ Results so far

A = e 9(T-1) [q)(dJr)_'_Saq)(dJr)] — Ke r(T—t) = 0 [ (d- )]

oS
8 8 8di
0 1 @)
9ds ®(ds) = d(ds) = ———e =

Substituting

A = e 9T |o(dy) + Sp(dy) ads — Ke "(T=1) g(d_ )ad‘
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Delta (continued)

o Finally, need to compute partial derivatives of d; and d_ wrt to S

Iog(%)—i—(r—q:l:%z)(T—t)
oVT —t

9., _ 13[|0 (5)]+3
9s™ T L /T-t05| 8\K a5

o letu= % then by the chain rule

0 1 0 1 10u 1 K1

55 %= VT — ¢t aslloel)] = == 55 = = 5K
B 1
B SovT —t

Kjell Konis (Copyright © 2013) 3. Partial Derivatives



Delta (continued)

o Putting it all together ...

od. od_
— e—a(T-1) T Ker(T—1) =
A = T fo(d) +So(d) Gl | - ke T 0 o)
0 1
—dy = -
oS SovT —t
@ Yields the following expression for A
A =e1T-0(d,) J
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© Gamma (IN
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Gamma (IN)

e Gamma (') is the rate of change of Delta (A)

@ Hence: Gamma (I') is the second partial derivative of C wrt S

2
0 ,_ 0 0C_&C

F=352~ 3535 a3z

@ So, all we havetodoiis ...

—q(T—t) —r(T—t)
r— EA — g e_q(T_t)¢(d+) + € (b(d"r) o Ke (b(d—)
95~ " 95 T —t SovT ¢

@ Luckily, there is a shortcut
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Simplifying the Expression for Delta

@ The textbook says

A=e 1T N0(d,)

o Finding an expression for ' much easier if

eI 0¢(d,)  Ke(T=0g(d_) -

0
oV T —t SovT —t

e Strategy: manipulate ¢(d_) into ¢(d;) and see what falls out

2 . —\2
P(d_) = \/%Texp <_d—> _ \/%exp (_ (dy \Q/ﬁ) )

Kjell Konis (Copyright © 2013) 3. Partial Derivatives



Simplifying the Expression for Delta

o) = e

1
VA 27T

= ¢(dy) exp (dso

Iog(%)+(r—q+%2>(T—t) J

Reminder: dy =

( (dy — agﬁf)

( d? —2dyoV/T —t+0%(T ))

d? —2d, o/T —t o?(T —t)
BT i B e ] S

i‘
]
X
©

|

Q
—~
\'

|
=
~
N
N—

= ¢(dy) exp lIOg (i) +
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Simplifying the Expression for Delta

S o2 o2
P(d-) = ¢(d+)Kexp[<r—q+2>(T—t)—2(T—t)]

— ¢(d+) %er(T—t) e—q(T—t)

@ Substituting
e 1T Dg(dy) Ke(T-Hg(d.)
ovT —t SovT —t

e iT-9¢p(d,)  Ke "(T7H)p(d,) % e (T—t) g=a(T—t)

oV T —t SovT —t

e 9T 0g(dy) e 1T 0g(dy) 0
B oV T —t ovT —t
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9
S S

Q

[e_q(T_t)¢(d+)

- 85 e T 00(d,)]

Q

0
— e a(T—t) 2
ad..

0
— oa(T-t)_ 2
e ®(dy) 5

ad.

e_q( T_t)

= ﬁﬂdﬂ

0 e d(T-t) 1 _&

[ = —A = 2
oS sm/T—t\/zTre i
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© Rho (p) and Vega
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Rho (p)

Rho (p) is the rate of change of the value of the portfolio wrt the
risk-free interest rate r
Black-Scholes formula

C(S,t) = Se 9T d(d,) — Ke (T Ho(d_)
Derivative wrt r:

p = %[Se_"(T_t)CD(dJr)—Ke_’(T_t)(D(d,)}

Product rule:

—o(T—1) O
p=Se a7 t)E‘D(dJr)
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Rho (p)

@ Chain rule:

od

— Ge—a(T—1) -t

p = Se Hdr) -
K —H(T—1) —H(T—1) 9d_
@ Need partial derivatives of d; and d_ wrt r:
0.2
B Iog(%)+(r—qi7)(T—t) r T_t—i—C
= ovT —t B o

0 T—t
T,
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Rho (p)

T—
ag

~

@ Substituting %di
p=K(T—t)e " T o(d )

VT -t T—t
o

2

+ Se~9T=1¢(dy) + Ke (T (d_)

@ Rewrite as . ..

p=K(T—t)e " T o(d )

+S(T —1t)

T 0g(d,) | KeT0p(d )
oV T —t SovT —t

p=K(T—t)e"(T-)d(d) J
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@ Vega is the rate of change of the value of the portfolio wrt the
volatility o

o Black-Scholes formula
C(S,t) = Se 9T 9d(d,) — Ke "(T-o(d_)

@ Derivative wrt o:

vega = 0 {Se“’(T_t)CD(dQ - Ke_’(T_t)d>(d,)}

o
@ Chain rule:

9d.
Oo

— Ke"(T=9¢(d_) 9d_

vega = Se~ 1T ¢(d,) 3
o
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e Partial derivatives of dy and d_ wrt o

Iog(%)%—(r—qi”{)(T—t)

o oV T —t
g (F)+(r—a)(T 1) L, (T
N JT -t MR Wa g
dde log (%) + (r—a)(T =) L, (T-1)
b0 JT -t WS

)+(r—q)(r—r)ia;(r_t)

Xl

_|og(
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Bag of Tricks

o Substitute
9 log (%) +(r—ax Z)T—1)

do o2 T —t

into
od_

— Ke "(T=9¢(d_) e
o

(T—t 8d+
vega = Se~ 9T —t)g(d, ) —— e
Looks like it's going to get worse before it gets better
Another approach ...
Already have

AT-0¢(dy)  Ke"(T-8¢(d_)
oV T —t SovT —t N

@ Rewrite as

Se=1T=8p(d, ) = Ke™" (Tt (d_)
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@ The expression for vega becomes

vega = Se 9T-94(d,) a(9d+ — Ke "(T=9¢(d_) 85/—
o o
= setTheld) (8861: B 8@?)
— —q(T—t) 0
= Se ¢dr) 5 -(dy —d-)

o Recall: d-=dy —ov/ T —t so that
dJr—df = d+—(d+—0'\/T—t)
0

0
870_(d+—d_) = %U\/T—t

= T—1t
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@ Substuting ...
vega = Se~(T00(d,) 2 (d, —d.)
g

vega = SVT — te 9Ttgp(d,) J
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@ Theta (9)

Kjell Konis (Copyright © 2013) 3. Partial Derivatives



Theta (©)

@ Theta is the rate of change of the value of the portfolio wrt the time t
o Black-Scholes formula

C(S,t) = Se 9T d(d,) — Ke "(T-(d_)

o Derivative wrt t:

0
- q(T—t) _ r(T—t)
O = : [Se <I>(d+) Ke Cb(d_)}

o Product rule twice:

0 = gSe 9 T=(d, ) + Seq(Tf)gt¢(d+)

— [rKe'(Tt)Cb(d_) + Ke (T-
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Theta (©)

0 = gSe 9T 0(d, ) — rke " (T=d(d_)

) 0

+ {se—qﬂ—f o 0(ds) - Ke_r(T_t)a¢(d)]

ot

= ¢Se~1T90(d,) — rke (T~ d(d_)

0d,

+ [seaT00(d)

Ke (T~ g(d_) 8d‘}

ot

= ¢Se~1T9d(d,) — rke (T~ o(d )
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Theta (©)

@ Again, rewrite the quantity

od, od_\ 0
<8t_8t) = gldr =)
NS
— at’
. —0
2T —t

@ Substitute into ...
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Theta (©)

o Finally ...

o-Se_q( T_t)

o=-2C_
VT -t

d(dy) + gSe" 9T (d, ) — rke (T Ho(d_) J
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