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¡  BFR	
  [Bradley-­‐Fayyad-­‐Reina]	
  is	
  a	
  variant	
  of	
  k-­‐
means	
  for	
  very	
  large	
  (disk-­‐resident)	
  data	
  sets	
  

¡  Assumes	
  each	
  cluster	
  is	
  normally	
  distributed	
  
around	
  a	
  centroid	
  in	
  Euclidean	
  space	
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¡  Can	
  quanDfy	
  the	
  likelihood	
  of	
  finding	
  a	
  point	
  in	
  the	
  
cluster	
  at	
  a	
  given	
  distance	
  from	
  the	
  centroid	
  along	
  
each	
  dimension	
  

¡  Standard	
  deviaDons	
  in	
  different	
  dimenions	
  may	
  vary	
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¡  Normal	
  distribuDon	
  assumpDon	
  implies	
  that	
  
clusters	
  “look	
  like”	
  axis-­‐aligned	
  ellipses	
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Cluster metadata 

Main memory 

Data on disk 



¡  Points	
  are	
  read	
  from	
  disk	
  one	
  main-­‐memory-­‐
full	
  at	
  a	
  Dme	
  

¡ Most	
  points	
  from	
  previous	
  memory	
  loads	
  are	
  
summarized	
  by	
  simple	
  sta-s-cs	
  

¡  To	
  begin,	
  from	
  the	
  iniDal	
  load	
  we	
  select	
  the	
  
iniDal	
  k	
  centroids	
  by	
  some	
  sensible	
  approach	
  
§ Using	
  one	
  of	
  the	
  techniques	
  from	
  the	
  k-­‐Means	
  
lecture	
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3	
  sets	
  of	
  points	
  which	
  we	
  keep	
  track	
  of:	
  
¡  Discard	
  set	
  (DS):	
  	
  
§  Points	
  close	
  enough	
  to	
  a	
  centroid	
  to	
  be	
  
summarized	
  

¡  Compression	
  set	
  (CS):	
  	
  
§ Groups	
  of	
  points	
  that	
  are	
  close	
  together	
  but	
  not	
  
close	
  to	
  any	
  exisDng	
  centroid	
  

§  These	
  points	
  are	
  summarized,	
  but	
  not	
  assigned	
  to	
  
a	
  cluster	
  

¡  Retained	
  set	
  (RS):	
  	
  
§  Isolated	
  points	
  waiDng	
  to	
  be	
  assigned	
  to	
  a	
  
compression	
  set	
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A cluster.  Its points 
are in the DS. 

The centroid 

Compressed sets. 
Their points are in 
the CS. 

Points in 
the RS 

Discard set (DS):  Close enough to a centroid to be summarized 
Compression set (CS):  Summarized, but not assigned to a cluster 
Retained set (RS): Isolated points 



For	
  each	
  cluster,	
  the	
  discard	
  set	
  (DS)	
  is	
  
summarized	
  by:	
  
¡  The	
  number	
  of	
  points,	
  N	
  
¡  The	
  vector	
  SUM,	
  whose	
  ith	
  component	
  =	
  
sum	
  of	
  the	
  coordinates	
  of	
  the	
  points	
  in	
  the	
  
ith	
  dimension	
  

¡  The	
  vector	
  SUMSQ:	
  ith	
  component	
  =	
  sum	
  of	
  
squares	
  of	
  coordinates	
  in	
  ith	
  dimension	
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A cluster.   
All its points are in the DS. The centroid 



¡  2d	
  +	
  1	
  values	
  represent	
  any	
  size	
  cluster	
  
§  d	
  	
  =	
  number	
  of	
  dimensions	
  

¡  Average	
  in	
  each	
  dimension	
  (the	
  centroid)	
  	
  
can	
  be	
  calculated	
  as	
  SUMi	
  /	
  N	
  
§  SUMi	
  =	
  ith	
  component	
  of	
  SUM	
  

¡  Variance	
  of	
  a	
  cluster’s	
  discard	
  set	
  in	
  dimension	
  i	
  
is:	
  (SUMSQi	
  /	
  N)	
  –	
  (SUMi	
  /	
  N)2	
  
§  And	
  standard	
  deviaDon	
  is	
  the	
  square	
  root	
  of	
  that	
  

¡  Next	
  step:	
  Actual	
  clustering	
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Cluster metadata 

Main memory 

Data on disk 



¡  Find	
  those	
  points	
  that	
  are	
  “sufficiently	
  close”	
  
to	
  a	
  cluster	
  centroid	
  

¡  Add	
  those	
  points	
  to	
  that	
  cluster	
  and	
  the	
  DS	
  
§  Then	
  discard	
  the	
  point	
  

¡  DS	
  set:	
  Adjust	
  staDsDcs	
  of	
  each	
  cluster	
  to	
  
account	
  for	
  newly	
  added	
  points	
  
§  Add	
  Ns,	
  SUMs,	
  SUMSQs	
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Discard set (DS):  Close enough to a centroid to be summarized. 
Compression set (CS):  Summarized, but not assigned to a cluster 
Retained set (RS): Isolated points 



¡  The	
  remaining	
  points	
  are	
  not	
  close	
  to	
  any	
  
cluster	
  

	
  
¡  Use	
  any	
  main-­‐memory	
  clustering	
  algorithm	
  to	
  
cluster	
  these	
  points	
  and	
  the	
  old	
  RS	
  
§  Clusters	
  go	
  to	
  the	
  CS;	
  outlying	
  points	
  to	
  the	
  RS	
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Discard set (DS):  Close enough to a centroid to be summarized. 
Compression set (CS):  Summarized, but not assigned to a cluster 
Retained set (RS): Isolated points 



¡  Consider	
  merging	
  compressed	
  sets	
  in	
  the	
  CS	
  

¡  If	
  this	
  is	
  the	
  last	
  round,	
  merge	
  all	
  compressed	
  
sets	
  in	
  the	
  CS	
  and	
  all	
  RS	
  points	
  into	
  their	
  
nearest	
  cluster	
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Discard set (DS):  Close enough to a centroid to be summarized. 
Compression set (CS):  Summarized, but not assigned to a cluster 
Retained set (RS): Isolated points 



¡  Q1)	
  How	
  do	
  we	
  decide	
  if	
  a	
  point	
  is	
  “close	
  
enough”	
  to	
  a	
  cluster	
  that	
  we	
  will	
  add	
  the	
  
point	
  to	
  that	
  cluster?	
  

¡  Q2)	
  How	
  do	
  we	
  decide	
  whether	
  two	
  
compressed	
  sets	
  (CS)	
  deserve	
  to	
  be	
  
combined	
  into	
  one?	
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¡  Q1)	
  We	
  need	
  a	
  way	
  to	
  decide	
  whether	
  to	
  put	
  
a	
  new	
  point	
  into	
  a	
  cluster	
  (and	
  discard)	
  

¡  BFR	
  approach:	
  
§  The	
  Mahalanobis	
  distance	
  is	
  less	
  than	
  a	
  threshold	
  
§ High	
  likelihood	
  of	
  the	
  point	
  belonging	
  to	
  
currently	
  nearest	
  centroid	
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¡  Cluster	
  C	
  has	
  centroid	
  (c1,…,cd)	
  and	
  standard	
  
deviaDons	
  (¾1,…¾d)	
  

¡  Point	
  P	
  =	
  (x1,…,xd)	
  	
  

¡  Normalized	
  distance	
  in	
  dimension	
  i:	
  
yi	
  =	
  (xi	
  –	
  ci)/¾i	
  

	
  
¡ MD	
  of	
  point	
  P	
  from	
  cluster	
  C:	
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¡  Suppose	
  point	
  P	
  is	
  one	
  standard	
  dimension	
  away	
  
from	
  centroid	
  in	
  each	
  dimension	
  
§  Each	
  yi	
  =	
  1	
  and	
  so	
  the	
  MD	
  of	
  P	
  is	
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68% of points have MD · 
  
95% of points have MD ·  
  
99% of points have MD · 

Accept point P into cluster C if its MD from cluster centroid 
is less than a threshold e.g.,  



Q2)	
  Should	
  2	
  CS	
  subclusters	
  be	
  combined?	
  
¡  Compute	
  the	
  variance	
  of	
  the	
  combined	
  
subcluster	
  
§ N,	
  SUM,	
  and	
  SUMSQ	
  allow	
  us	
  to	
  make	
  that	
  
calculaDon	
  quickly	
  

¡  Combine	
  if	
  the	
  combined	
  variance	
  is	
  	
  
below	
  some	
  threshold	
  

¡ Many	
  alterna-ves:	
  Treat	
  dimensions	
  
differently,	
  consider	
  density	
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