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� Goal: Express A as a product of matrices C,U,R 
 Make ۅA - C·U·RۅF small 
� “Constraints” on C and R: 
 

A C U R 

Frobenius norm: 

F = � Ȉij XijۅXۅ
2 
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� Goal: Express A as a product of matrices C,U,R 
 Make ۅA - C·U·RۅF small 
� “Constraints” on C and R: 
 

Pseudo-inverse of  
the intersection of C and R 

A C U R 

Frobenius norm: 

F = � Ȉij XijۅXۅ
2 
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� Let: 
Ak be the “best” rank k approximation  
to A (that is, Ak is SVD of A) 

 
Theorem [Mahoney & Drineas] 
 CUR in O(m·n) time achieves  
�  FۅAۅF + HۅA-Akۅ F dۅA-CURۅ
with probability at least 1-G, by picking 
� O(k log(1/G)/H2) columns, and 
� O(k2 log3(1/G)/H6) rows 
 

In practice: 
Pick 4k cols/rows 
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� Sampling columns (similarly for rows): 
� ColumnSelect algorithm: 

Note this is a randomized algorithm, same 
column can be sampled more than once 
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� Let W be the “intersection” of sampled 
columns C and rows R 
� Let SVD of W = X Z YT 

� Then: U = W+ = Y Z+ XT 

� =+: reciprocals of non-zero  
singular values: =+

ii� ���=ii 

� W+ is the “pseudoinverse” 

 

A  
C 

    R           

U = W+ 

W 

| 

Why pseudoinverse works? 
W = X Z Y then W-1 = X-1 Z-1 Y-1 

Due to orthonomality 
X-1=XT and Y-1=YT 

Since Z is diagonal Z-1 = 1/Zii 
Thus, if W is non-singular,  
pseudoinverse is the true 
inverse 
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� For example: 

� Select ࢉ = ࡻ  ࢑ ࢍ࢕࢒ ࢑
૛ࢿ  columns of A using 

ColumnSelect algorithm 

� Select ࢘ = ࡻ  ࢑ ࢍ࢕࢒ ࢑
૛ࢿ  rows of A using 

ColumnSelect algorithm 
� Set ࢁ =  ାࢃ

� Then:  
    with probability 98% 
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