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Portfolio Risk Budgeting

|dea: Additively decompose a measure of portfolio risk into contributions from
the individual assets in the portfolio.

e Show which assets are most responsible for portfolio risk

e Help make decisions about rebalancing the portfolio to alter the risk.



Example: 2 risky asset portfolio

Ry = x1R1+ 2Ry

0'229 = QB%J% + x%a% + 2x1100192
1/2
Op = (x%a% + x%a% + 2131:1320‘12)

Case 1: 01 =0

2 2 2 2 2
O'p == 33‘10'1 —I— 3320'2
m%a% = portfolio variance contribution of asset A
az%a% = portfolio variance contribution of asset B
2 2
x5O . _
121 — percent variance contribution of asset A
Tp
2 2
x50 . I
222 — percent variance contribution of asset B
o



Note

Op = \/w%a% + x%a% #+ x101 + T209.

To get an additive decomposition we use

2 2 2 _2 2
x{0] = T50 o
191, %292 _ p _ 5
Op Op Op
2 2
rio . N
L1 — portfolio sd contribution of asset A
Op
2 _2
r50 _ —
“2°2 — portfolio sd contribution of asset B
o
p

Notice that percent sd contributions are the same as percent variance contri-
butions.



Case 2: 019 #0

2 _ 2

Tp 3310'% + :13%0‘% + 2x1200192

= («”L’%U% + -%‘1-%‘2012) + (33%0% + 3319’72012) :

Here we can split the covariance contribution 2x 4x2012 to portfolio variance

evenly between the two assets and define
x%a% + x1x9012 = variance contribution of asset A

x%a% + x1x9012 = variance contribution of asset B



We can also define an additive decomposition for o

2 2 2 2
T{07 T+ 122012 n T505 + T1T2012

Op Op

O-p—

2 2
x0T + xx1X00 : :
171 172712 d contribution of asset A

Op
:1:202—|—:1: oo
209 142012

Op

— sd contribution of asset B




Euler's Theorem and Risk Decompositions

e \When we used 0129 or op to measure portfolio risk, we were able to easily

derive sensible risk decompositions.

e If we measure portfolio risk by value-at-risk or some other risk measure it
Is not so obvious how to define individual asset risk contributions.

e For portfolio risk measures that are homogenous functions of degree one
in the portfolio weights, Euler's theorem provides a general method for
additively decomposing risk into asset specific contributions.



Homogenous functions and Euler’s theorem

First we define a homogenous function of degree one.

Definition 1 homogenous function of degree one

Let f(x1,...,%n) be a continuous and differentiable function of the vari-
ables x1,...,xn. f is homogeneous of degree one if for any constant c,
flc-x1,...,c-xp) =c- f(x1,-..,2n).

Note: In matrix notation we have f(x1,...,xn) = f(x) where

X = (x1,...,2zn)". Then f is homogeneous of degree one if f(c-x) = c- f(x)



Examples
Let f(x1,22) = x1 + x2. Then

fle-zy,c-m)=c-x1+c-zp=c-(r1+x2) = f(z1,72)

Let f(x1,22) = :1:% - x% Then

flc-z1,c-xp) = Paf + x5¢® = A(af + y3) # ¢ f(21, x2)

Let f(z1,x2) = \/:13% + :U% Then

flc-x1,c-x2) = \/02:6% + c2x3 = c\/(x% + z3) = ¢ f(x1,72)




Repeat examples using matrix notation
Define x = (x1,x2) and 1 = (1,1)".

Let f(x1,72) = 21 + 20 = X'1 = f(x). Then
flc-x)=(c-x)1=c-(¥X1) =c- f(x).

Let f(x1,22) = 23 + x5 = x'x = f(x). Then

Fle-x)=(c-x)(c-x)=c? x'x#c- f(%).
Let f(z1,22) = /22 + 23 = (x'x)1/2 = f(x). Then

flc-x) = ((c - x)(c- x))1/2 =c- <X’X)1/2 = c- f(x).



Consider a portfolio of n assets x = (z1,...,xn)

R = (R]_,...,Rn)/
x = (z1,...,2n)
E[R] = u, cov(R) =X
Define

Rp = Rp(X) = X,R,
Hp = :LLp(X) — X/“’
o2 = alz,(x) = x'¥x, op = op(x) = (X’ZX)l/2

Result: Portfolio return Rp(x), expected return p,(x) and standard deviation
op(x) are homogenous functions of degree one in the portfolio weight vector
X.



The key result is for volatility op(x) = (x'Xx)1/2

op(c-x) = ((¢-x)B(c-x)H? =2 (x'5x)1/?2

= c-op(x)



Theorem 2 Euler’s theorem

Let f(x1,...,2n) = f(x) be a continuous, differentiable and homogenous of
degree one function of the variables x = (z1,...,zn)". Then

0 0 0

() = g 0O BRG)  0r
oxq 0xo Oxn
_ Xlaf(x)’

ox

where
of(x)
of(x) _ | om
a i .




Verifying Euler’s theorem

The function f(x1,73) = 1 + 22 = f(x) = x’1 is homogenous of degree

one, and
1) _ 0f(x) _
oxq 0xo
of(x
or) _ [ et ) (1) _,
ox ofx) | —\ 1)~
0xo

By Euler’s theorem,

fl) = z1-1+a2-1=21+ 27

= x1



The function f(x1,xz2) = (azl —|—a:2)1/2 f(x) = (x'x)/2 is homogenous of
degree one, and

df(x) 1 —1/2 1/2
. = 3 (az% + :13%) 2x1 = T (331 + :1:2) ,
df(x) 1 —1/2 1/2
s = 3 (az% + :13%) 202 = To (331 + :1:2)
By Euler’s theorem
—1/2 —1/2
flx) = x1-x1 (m% + az%) + o - T (az% + :13%)
1/2

(#1 +3) (af+3)
— (ajl -+ 332> 1/2 .



Using matrix algebra we have

8];(}() — 8(X(;X)1 2 (X x)~ 1/28;( x E(X/X)_1/22X = (X’X)_l/2 - X
X X X
so by Euler's theorem

£(x) = 91 (x) _ K (x'x)" 12 . x = (x'x)"M2xx = (x'x)1/2

ox



Risk decomposition using Euler’'s theorem

Let RMy(x) denote a portfolio risk measure that is a homogenous function of
degree one in the portfolio weight vector x. For example,

RMp(x) = op(x) = (x'Sx)/3

Euler's theorem gives the additive risk decomposition

ORM (X) ORMy(x) ORMy(x)
RM — P p p
p(x) 1 oxq T2 0xo o Oxn
n 8RMp(x)
— sz
Ly
8RMp(X)

00X



Here, ({mgﬂ—p(x) are called marginal contributions to risk (MCRs):

1

ORM
MCR,LRM — 5 p(X) = marginal contribution to risk of asset i,
Ly

The contributions to risk (CRs) are defined as the weighted marginal contribu-

tions:
CR,ﬁM =x; - MCR?M = contribution to risk of asset i,
Then

RMp(x) = z71- MCR{%M + x> - MCR?M +d Ty, MCRﬁM
— CREM  CREM 4 ... 4 CREM



If we divide the contributions to risk by RMy(x) we get the percent contribu-
tions to risk (PCRs)

1:ﬂ+°°°—l— CREM — PCREIM 4 ... 4 pCREM
RMj(x) RM,(x) 1 no
where
PCR?M = ﬂ — percent contribution of asset i

B RMp(x)



Risk Decomposition for Portfolio SD

RMp(x) = op(x) = (x'Bx)/3

Because op(x) is homogenous of degree 1 in x, by Euler's theorem

_ . 9op(x) dop(x) Oop(x) _ _,00p(X)
opX) = ;= A mr A ey =X
Now
/ 1/2
6ap(x) _ a(X EX) ZE(X/EX)_]'/zzEX
0x 0x 2
B dxX B dxX
T WEx)2 T o)
= M:ith row of b
T; op(x)

Remark: In R, the PerformanceAnalytics function StdDev () performs this de-
composition



Example: 2 asset portfolio

1/2

op(x) = (XSX)2 = (1303 + 2303 + 2m122012)

Yx = ( of ‘7122 ) (901 ) _ <$10i+3¢2012>
012 035 T2 X205 + 1012

Sx [ (2103 + 22012) Jop(x)
op(X)

2205 + £1012) /op(X)




Then
MCRY = (3?10%+-’L‘2012) /op(X)
MCR3 = ($203+5B1012) /op(X)
CRY = =z x (mlcr% + :132012) Jop(x) = (az%a% + wlwzalz) /op(X)

CR(27 = Ip X (3320% + 3320'2) /O'p(X) = (QB%J% + 331332012) /Jp(X)

and
PCR{ = CR{/op(x) = (2307 + z122012) /op(x)
PCRS = CR§/op(x) = (2303 + z122012) /op(x)

Note: This is the decomposition we derived at the beginning of lecture.



How to Interpret and Use MCRY

ox; ~ Ax;
= Aop =~ MCRY - Az;

MCRY?

However, in a portfolio of n assets

1 +xo+---+xpn=1

so that increasing or decreasing x; means that we have to decrease or increase
our allocation to one or more other assets. Hence, the formula

Acp ~ MCRY - Az,

ignores this re-allocation effect.



If the increase in allocation to asset ¢ is offset by a decrease in allocation to
asset 7, then

Azr; = —Ax;
and the change in portfolio volatility is approximately

AO'p

Q

MCRY - Az; + MCR? - Az;
MCRY - Az; — MCRY - Az;
= (MCRY — MCRY) - Az;



D D
H1 H2 7] 75 o1 02 012 P12

0.175 0.055 0.067 0.013 0.258 0.115 -0.004875 -0.164

Table 1: Example data for two asset portfolio.

Consider two portfolios:

e equal weighted portfolio 1 = xp = 0.5

e long-short portfolio x1 = 1.5 and o = —0.5.



0, Ly MCRiU CRiU PCR,CL-T
op = 0.1323
Asset 1 0.258 0.5 0.23310 0.11655 0.8807
Asset 2 0.115 0.5 0.03158 0.01579 0.1193
op = 0.4005
Asset 1 0.258 1.5 0.25540 0.38310 0.95663
Asset 2 0.115 -0.5 -0.03474 0.01737 0.04337

Table 2: Risk decomposition using portfolio standard deviation.

Interpretation: For equally weighted portfolio, increasing 1 from 0.5 to 0.6
decreases x5 from 0.5 to 0.4. Then

Ao, =~ (MCR{ — MCRS) - Az;

— (0.23310 — 0.03158)(0.1)
— 0.02015



For the long-short portfolio, increasing x1 from 1.5 to 1.6 decreases x» from
-0.5 to -0.6. Then

Ao, =~ (MCR{ — MCR3) - Az;
— [0.25540 — (—0.03474)] (0.1)
— 0.02901



Beta as a Measure of Asset Contribution to Portfolio Volatility

For a portfolio of n assets with return

we derived the portfolio volatility decomposition

_ dop(x) dop(x) dop(x) _ _,00p(x)
op(x) = 1 oxq T2 0xo Tt Orn * ox
Oop(x) _ 3x | Oop(x) o row of ¥x
0x op(x) Oz op(x)

With a little bit of algebra we can derive an alternative expression for

>
M — ith row of *

Oz, op(X)

MCR? =



Definition: The beta of asset 2 with respect to the portfolio is defined as

5. — cov(R;, Rp(x)) _ cov(R;, Rp(x))
"7 T var(Rp(x) 73(x)

Result: 3; measures asset contribution to op(x) :

Jop(x
MCR7 = ;( ):Bﬂp(x)
T;
CR; = =z;B;0p(x)




Remarks

e By construction, the beta of the portfolio is 1

_ cov(Rp(x), Rp(x)) _ var(Rp(x)) 1

T var(Bp(x))  var(Rp(x))

e \When BZ =1
PCR? — Iy



e When 52 > 1

e When 3, <1

MCR?
CRY?
PCR?

MCR?
CRY?
PCR?

vV VvV V

JANVANVA

op(X)

;0 p(X)

op(X)

T;0p(X)



Derivation of Result:

Recall,

Now,

dX =

0o p(x) _

Ox

1
/ 01 0122

DX

op(X)

O1n \
O2n

L]
L2



The first row of XX is

2105 + 22012 + ++* + Tno1y
Now consider
COU(Rla Rp) — COU(RL lel + 0+ ann)
cov(R1,z1R1) + - - - + cov(R1, znRnp)
= 2101+ 22012 + - + Tno1y

Next, note that

cov(R1, R
B = (02 p) = cov(Ry1, Rp) = ﬁlcf%(x)
p




Hence, the first row of XX is

2105 + 22012 + -+ + Tno1, = B1oa(X)

and so
>
MCR] = 9op(x) _ first row of ———
351321 op(x)
B105(x)
= — ?X) = B1op(X)
p
In a similar fashion, we have
>
MCR? = 9op(x) _ first row of ———
ox; op(x)
8,02(x)
= —2 = Biop(x)

op(X)



Beta as a Measure of Portfolio Risk

Key points:

e Asset specific risk can be diversified away by forming portfolios. What
remains is “portfolio risk”.

e Riskiness of an asset should be judged in a portfolio context

e Beta measures the portfolio risk of an asset



Beta and Risk Return Tradeoff

Rp = return on any portfolio

R; = return on any asset 2
_cov(R;, Rp) oy

Bipp = var(Rp) o

Conjecture: If Bi p Is the appropriate measure of the risk of an asset, then the

asset’s expected return, ;, should depend on 5, ,,. That is

E[R;] = p; = f(Bip)
The Capital Asset Pricing Model (CAPM) formalizes this conjecture.



