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Portfolio Math with Matrix Algebra
Three Risky Asset Example

Let R; (¢ = A, B, C) denote the return on asset 7 and assume that R; follows
CER model:

R; ~ iid N(u;,07)
COV(RZ', Rj) — 04y
Portfolio “x”

x; = share of wealth in asset ¢
zAa+rpt+trxo=1

Portfolio return

Rpx =zAaRA+2zpRp +xzoRc.



Stock 2 L4 o; Pair (i,j) oy

A (Microsoft)  0.0427 0.1000 (A,B) 0.0018
B (Nordstrom) 0.0015 0.1044 (A,C) 0.0011
C (Starbucks) 0.0285 0.1411 (B,C) 0.0026

Table 1: Three asset example data.

In matrix algebra, we have

A 0.0427
p=| pug | =| 0.0015

e 0.0285

04 OAB TAC (0.1000)° 0.0018  0.0011
X=| oag 0% opc |=| 00018 (0.1044)°> 0.0026

oAC OBC 0@ 0.0011  0.0026 (0.1411)2



Matrix Algebra Representation

Ra KA 1
R = Rp |, n= HB , 1= 1
Reo e 1
LA 0'124 OAB O0AC
x=|xp |, 2= | o4apB 0'23 oBC
e OAC OBC 0(2;

Portfolio weights sum to 1

1

xX'1=(xzy 25 zc )| 1
1

=x1+x0+2x3=1



Portfolio return
Rpe=xR=(z4 2B 20)

=xARA+xzpRp + xR

Portfolio expected return

ppa=xXp= (24 2p ax)

= TAMA + TBUB T TCHC

HA
HB
HC



R formula

t(x.vec)%*Ymu.vec

crossprod(x.vec, mu.vec)

Excel formula

MMULT (transpose (xvec) ,muvec)

<ctrl>-<shift>-<enter>



Portfolio variance

2

/
Op o = X 2X
0'124 UAzB oAC A
=(xa zp wc )| oap 0% g% TR
GAC O0BC 00 L

= xiai + x%a% + x%a%

+ 20 42BOAR + 22 ATCOAC + 22 BTCOBC

Portfolio distribution

Rpax ~ N(/,Lp,gc, U]%,I)



R formulas

t(x.vec))*/sigma.matl*%x.vec

Excel formulas

MMULT (TRANSPOSE (xvec) ,MMULT (sigma ,Xxvec))
MMULT (MMULT (TRANSPOSE (xvec) ,sigma) ,xvec)
<ctrl>-<shift>-<enter>



Covariance Between 2 Portfolio Returns

2 portfolios
LA YA
X = B y Y = YB
LC yc

Portfolio returns

Covariance

cov(Rp,z, Rpy) = x'Zy
= y'¥x



R formula

t(x.vec))*/sigma.matl*)y.vec

Excel formula

MMULT (TRANSPOSE (xvec) ,MMULT (sigma,yvec))
MMULT (TRANSPOSE (yvec) ,MMULT (sigma,xvec))
<ctrl>-<shift>-<enter>



Derivatives of Simple Matrix Functions

Let A be an n X n symmetric matrix, and let x and y be an n X 1 vectors.
Then

0
0 , 8$1Xy
&Xy = : =y, (1)
nx1 K a;gnxly
0 o/
a / ( a—xlx AX
—x Ax = : = 2Ax. (2)
0x 9

nx1 K a—an,AX



Let

a b
A_<b C

First, consider (1). Now

0 ./
Jr Y

o, <£1X’Y

X'y = x1y1 + 221>

)

% (z1y1 + 22y2)
Dy (z1y1 + 22Y2)

)= (2)

|

Y2

|

(

U1
Y2

)=



Next, consider (2). We have

X’AX:(azl x2><z i) (i;>:aaz%—|—2ba:1x2—l—cx%.

Then
—X/AX— (

QD
\%\@

CLZE% + 2bx17 + CJ?%) [ 2ax1 + 2bxs
aaf;l + 2bx1xo + caj2) 2bxy + 2cx)

(%)

0‘@'\’

{



Computing Global Minimum Variance Portfolio

Problem: Find the portfolio m = (m 4, mp, m¢)’ that solves

min ng:m’Zm st. m'l =1
ma,mp,m¢c ’

1. Analytic solution using matrix algebra

2. Numerical Solution in Excel Using the Solver (see 3firmExample.xls)



Analytic solution using matrix algebra

The Lagrangian is
L(m,)\) = m'¥m+A\(m'l — 1)
First order conditions (use matrix derivative results)

/

(3x1) om om om
/

(1x1) O O O

Write FOCs in matrix form

(F(3)-(0)3




The FOCs are the linear system

A.mZm — b

22 1 0
A= (1) () v (),

The solution for z,, is

where

zm = A 1b.

The first three elements of z, are the portfolio weights m = (m 4, mpg, m¢)’
for the global minimum variance portfolio with expected return py ;= m’p

and variance o2

Sm = m'Xm.



Alternative Derivation of Global Minimum Variance Portfolio

The first order conditions from the optimization problem can be expressed in
matrix notation as

:aL(m,)\):z.Em+>\_1,
(3x1) om
o —2HmA) _ng
(1x1) O

Using first equation, solve for m :

1
m=—=-22"11.
2



Next, multiply both sides by 1’ and use second equation to solve for \:

1=1m= —% AUy 11

1

= A=-2- :

17311
Finally, substitute the value for A\ in the equation for m
—1
= ——(— 1
( 2) 1’2 11
2 17

T Uy-11°



Efficient Portfolios of Risky Assets: Markowitz Algorithm

Problem 1: find portfolio x that has the highest expected return for a given
level of risk as measured by portfolio variance

MaXx /.Lp)x — X/,U/ S.t

T AL B, L
2 ! _ 0 _ -
Op s =X 2X =0, = target risk
x'1 =1

Problem 2: find portfolio x that has the smallest risk, measured by portfolio
variance, that achieves a target expected return.

min 0229 L, =XXX st
LAXLB,XLC ’
Mp.x = X/,LL = ,ug — target return
x'l1=1

Remark: Problem 2 is usually solved in practice by varying the target return
between a given range.



Solving for Efficient Portfolios:

1. Analytic solution using matrix algebra

2. Numerical solution in Excel using the solver



Analytic solution using matrix algebra

The Lagrangian function associated with Problem 2 is

L(z, M1, A2) = X'Ex 4 A (X' pp—pp 0) + Xo(x'1 — 1)
The FOCs are

8L(X7 )‘17 )‘2)
0 = =23 A Aol
(3x1) ox XF AT A2
8L(X7 >‘17 >‘2) /
O j— f— — ;
(1x1) O TR0
O — a‘[J(}(7 >\17 >\2) — X/]_ . 1.
(1x1) 0o

These FOCs consist of five linear equations in five unknowns

(m/h rB,rC, )‘17 )‘2)



We can represent the FOCs in matrix notation as

23 1 X 0
' 00 AL | =] wmpo
17 0 0 Ao 1
or
A.;UZgj: bo
where
23 1 X 0
Ap=| ¢ 0 0 |,2zz=| A1 [ andbg= | pppo
17 0 0 Ao 1



The solution for z. is then

The first three elements of z; are the portfolio weights x = (x4, z g, v’ for
the efficient portfolio with expected return pp 2 = iy 0.



Example: Find efficient portfolios with the same expected return as MSFT and
SBUX

For MSFT, we solve

min 129 = x'¥x st
T AXB,LC L
ppx = X1 = pprspr = 0.0427
x'1=1

For SBUX, we solve

min o2 —y'Yy st

YABwC P
ppy =Yy 1= pspyx = 0.0285

y'l1=1



Example continued

Using the matrix algebra formulas (see R code in Powerpoint slides) we get

Toms fit 0.8275 Yms ft 0.5194
x=| zpprg | =| —0.0908 |, y=1| yporqg | =| 0.2732
T sbue 0.2633 Ysbua 0.2075

Also,

ppa =X pu=0.0427, pupy =y pu=0.0285
opr = (X'Ex)1/2 = 0.09166, opy = (y'Sy)Y/? = 0.07355



Computing the Portfolio Frontier

Result: The portfolio frontier can be represented as convex combinations of
any two frontier portfolios. Let x be a frontier portfolio that solves

2
min Opa =X 2X st

0
,LLp,ZC — X//’l’ — /’Lp
x'1 =1
Let y # X be another frontier portfolio that solves

m}jn J]%,y — y'3y st

oy =Y 1= pp # pp
y'l1=1



Let v be any constant. Then the portfolio

z=a -X+(l—a) 'y

is a frontier portfolio. Furthermore

ppz=2Zp=a"ppz+ (1 —a)upy
012,,2, = 7'3z
2 2 2 2
=a‘op .+ (1 —a)oy, +2a(l — a)og,y

oz = cov(Rpz, Rpy) = XDy



Example: 3 asset case

z=a -x+(l—a)-y

T A YA
=a- | zg [+(1—a)| yB
rc yc

ary + (1 —a)ya ZA

= | czp+(1—a)yp | =| 2B

azc + (1 — a)yc zC



Example: Compute efficient portfolio as convex combination of efficient port-
folio with same mean as MSFT and efficient portfolio with same mean as

SBUX.

Let x denote the efficient portfolio with the same mean as MSFT, y denote
the efficient portfolio with the same mean as SBUX, and let &« = 0.5. Then

z=a - X+ (l—a)-y

0.82745 0.5194
—05-| —0.00075 | +05-| 0.2732
0.26329 0.2075
(0.5)(0.82745) (0.5)(0.5194) 0.6734 ZA
— | (0.5)(—0.09075) | + | (0.5)(0.2732) | = | 0.0912 | = | 25

(0.5)(0.26329) (0.5)(0.2075) 0.2354 20



Example continued

The mean of this portfolio can be computed using:

0.0427
pp.> = 7' u = (0.6734,0.0912,0.2354)" [ 0.0015 | = 0.0356
0.0285

The variance can be computed using

05, = 2%z = 0.00641

02%72 = ozza]%,x +(1— a)2a§7y + 20(1 — a)oxy

— (0.5)?(0.09166)° + (0.5)2(0.07355)? + 2(0.5)(0.5)(0.005914) = 0.00641



Example: Find efficient portfolio with expected return 0.05 from two efficient

portfolios

Use
0.05 = ppz=a- ppz~+ (1 —a)upy

to solve for o :
_0.05—ppy  0.05—0.0285

Q = = 1.514
Then, solve for portfolio weights using
z=a -x+(1—a)-y
0.8275 0.5194 0.9858
= 1514 —0.0908 | —0.514 | 0.2732 | = | —0.2778

0.2633 0.2075 0.2920



Strategy for Plotting Portfolio Frontier

1. Set global minimum variance portfolio = first frontier portfolio

2 1 —
mnllnap,m_mEm st. ml=1

and compute ppm = m'y

2. Find asset i that has highest expected return. Set target return to 0 =
max(u) and solve

minos .. = xX'¥x s.t.

ppe = x'p = pp = max(p)
x'1=1



3. Create grid of « values, initially between 1 and —1, and compute

z=a-m+(l—a)-x
U;%,z — 042‘71%,m‘|‘ (1-— 04)20}%,:1@ + 2a(1 — a)om

/
Om,r = M XX

4. Plot pp, » against op . Expand or contract the grid of « values if necessary
to improve the plot



Finding the Tangency Portfolio

The tangency portfolio t is the portfolio of risky assets that maximizes Sharpe's

slope:
. Ppt — T
max Sharpe's ratio = P f
t O-p,t
subject to
t'1=1
In matrix notation,
t'pu — T

Sharpe's ratio =
(t'St)1/2



Solving for Efficient Portfolios:

1. Analytic solution using matrix algebra

2. Numerical solution in Excel using the solver



Analytic solution using matrix algebra

The Lagrangian for this problem is

L(t,A) = (t'p —ry) (t'St)72 + A(H1— 1)

Using the chain rule, the first order conditions are

8L(t >\) / 1 / / —3/2
— = p(t'St) 72 — (Y — ) ('St) 73230 + A1
G0 = T ar = ST — (Ya—rg) (V) +
L(t, A
_ LN g
(1x1) O
After much tedious algebra, it can be shown that the solution for t is
> p—rs-1
N (b —rp-1)

- 1Y~ 1(p — re-1)



Remarks:

e If the risk free rate, 7¢, is less than the expected return on the global
minimum variance portfolio, (i, min, then the tangency portfolio has a
positive Sharpe slope

e If the risk free rate, 7¢, is equal to the expected return on the global

minimum variance portfolio, iy min, then the tangency portfolio is not
defined

o If the risk free rate, ry, is greater than the expected return on the global
minimum variance portfolio, g min, then the tangency portfolio has a
negative Sharpe slope.



Mutual Fund Separation Theorem Again

Efficient Portfolios of T-bills and Risky assets are combinations of two portfolios
(mutual funds)

o T[-bills

e Tangency portfolio



Efficient Portfolios

x+ = share of wealth in tangency portfolio t

x ¢ = share of wealth in T-bills
rttarr=1= zr=1—a¢

pp =15+ x¢(ppt — 1), ppt=tp

1/2
ag = Tt0pt, Opt = (t/Et) /



Remark: The weights x4 and x are determined by an investor's risk prefer-
ences

e Risk averse investors hold mostly T-Bills (z¢ =~ 0)

e Risk tolerant investors hold mostly tangency portfolio (z¢ ~ 1)

e If Sharpe’s slope for the tangency portfolio is negative then the efficient
portfolio involve shorting the tangency portfolio



Example: Find efficient portfolio with target risk (SD) equal to 0.02

Solve
0.02 = O'g = xtop,t = 4(0.1116)
0.02
Tr = = 0.1792
0.1116
ry=1-—x;=0.8208
Also,

e =1+ z(ppt — ) = 0.005 + (0.1116) (0.05189 — 0.005) = 0.0134

0¢ = zy0p s = (0.1792)(0.1116) = 0.02



Example: Find efficient portfolio with target ER equal to 0.07

Solve
0.07 = ,u]e? — Tf -+ xt(/,bp’t — T‘f)
0.07 — 0.07 — 0.00
N o > _ 1386
ppt — 7y 0.05189 — 0.005
Also,

op = ztopt = (1.386)(0.1116) = 0.1547



Portfolio Value-at-Risk

Let x = (1,...,Tn)’ denote a vector of asset share for a portfolio. Portfolio
risk is measured by var(Rp ;) = x'3x. Alternatively, portfolio risk can be
measured using Value-at-Risk:

VaRq = qué{

W = initial investment
q(]f — 100 - a% Simple return quantile
o = loss probability

If returns are normally distributed then

qoo = Up,x + Up,:cchu
ppa =X

)1/2

O-p,g[; = (X,ZX
qg = 100 - % quantile from N (0, 1)



Example: Using VaR to evaluate an efficient portfolio

Invest in 3 risky assets (Microsoft, Starbucks, Nordstrom) and T-bills. Assume
T = 0.005

1. Determine efficient portfolio that has same expected return as Starbucks

2. Compare VaR g5 for Starbucks and efficient portfolio based on $100,000
Investment



Solution for 1.

HSBUX — 0.0285
pp =15+ zt(ppt —7F)
r¢ = 0.005
ppt = t'u = .05186,0,+ = 0.111

Solve
0.0285 = 0.005 + x+(0.05186 — 0.005)
0.0285 — .005
Ty = — 0.501
0.05186 — .005
Ty = 1 —0.501 = 0.499
Note:

uS = 0.005 -+ 0.501 - (0.05186 — 0.005) = 0.0285
oS = 40p4 = (0.501)(0.111) = 0.057



Solution for 2.

SBUX

q05 = MSBUX + osBux - (—1.645)
— 0.0285 + (0.141) - (—1.645)
= —0.203

qf€05 — Up + 0o ( 1. 645)
— .0285 —|— (.057) - (—1.645)
— 0.063

Then

VaR3EYUX = $100,000 - g9
— $100,000 - (—0.203) = —$20, 300
VaR%s = $100, 000 - g%
— $100, 000 - (—0.063) = —$6, 300



Efficient Portfolios without Short-Sales

Short Sale

e Borrow asset from broker and sell now

e To close short position, buy back asset and return to broker

e Profit if asset price drops after short sale

e |f asset 7 is sold short then
x; <0

where x; = share of wealth in asset ¢



No Short Sale Restrictions

e Exchanges (e.g. NYSE, NASDAQ) may prevent short sales in some assets

e Some institutions (e.g. pension funds) are prevented from short-selling
assets

e Certain accounts do not allow short sales (e.g. retirement accounts)

e Short selling often requires substantial credit qualifications



Markowitz Algorithm with No Short Sales Restrictions

min

X

2

Opa =X 2X st
/ 0

Hp,x = X b = HUp

x'l1=1

ZBZ'>O



Remarks:

e Problem must be solved numerically (e.g. using the Solver) :(

e Portfolio Frontier can no longer be constructed from any two efficient

portfolios :(

e No short sale portfolio frontier must lie “inside” the portfolio frontier that

allows short sales



R functions for Minimum Variance Portfolios with No Short Sales Re-
strictions

e R package tseries function portfolio.optim()

e R package quadprog function solve.QP()

e Guy Yollin's R in Finance presentation on R tools for portfolio optimization

http://www.rinfinance.com /RinFinance2009/presentations/yollin _slides.pdf

e Rmetrics (www.Rmetrics.org) package fPortfolio



