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Matrices and Vectors
Matrix
ail ai2 - G1m
_ | @21 ax - a2y
(nxm) : : - :
nl ap2 - Gnm
n = # of rows, m = # of columns
Square matrix : n = m
Vector
I
x
X = 2
(nx1)

In




Remarks
e R is a matrix oriented programming language
e Excel can handle matrices and vectors in formulas and some functions
e Excel has special functions for working with matrices. There are called

array functions. Must use

<ctrl>-<shift>-<enter>

to evaluate array function

Transpose of a Matrix

Interchange rows and columns of a matrix

A " =transpose of A

(mxn) (nxm)
Example

1 4
A= igg],A’: 2 5
36

1
x=12 ,x/:[l 2 3}

3




R function
t (A)

Excel function

TRANSPOSE(matrix)
<ctrl>-<shift>-<enter>

Symmetric Matrix

A square matrix A is symmetric if

A=A

12 , 12
ISP

Remark: Covariance and correlation matrices are symmetric

Example




Basic Matrix Operations

Addition and Subtraction (element-by-element)

49] [20]_[4+209+0
21 07| |240 1+7
609
~ |2 8
4 9] [20]_[4-209-0
2 1 07| |2-01-7
2 9
“ |2 -6

Scalar Multiplication (element-by-element)




Matrix Multiplication (not element-by-element)

aip ap b1t bis b
A = | a» am |, _ [bll b12 b13]
(3x2) az1 asy | (23 21 b22 023

Note: A and B are comformable matrices: # of columns in A = # of rows
in B

A - B
(3x2) (2x3)
a11b11 + a12021 a11b12 + a12b22 ai1b13 + ai2bo3
= | ap1b11 + apobo1 ap1bio + appbry az1b13 + axnbo3
a31b11 + a3zpbo1 a3z1b12 + azpbry  az1biz + azabos
Remark: In general,

A-B£B-A

Example
1 2 5 6
SEHRRE
A.B— 5+14 6416 | |19 22
- | 15428 18+32 | | 43 50
R operator

A%*7B
Excel function

MMULT(matrix1, matrix2)
<ctrl>-<shift>-<enter>




Identity Matrix

The n— dimensional identity matrix has all diagonal elements equal to 1, and
all off diagonal elements equal to O.

Example

10
w=[o 1)

Remark: The identity matrix plays the roll of “1" in matrix algebra
A = 1 0 ail a2
a1 a2
[a11+0 a12+0] _ [all a12]
A

0+ap1 O+ ap az1 a2

Similarly
1. _ | a1 a1 10
A 12_[6@1 a22][0 1]
_ (e a2 | _ 4
az1 a2
R function

diag(n)

creates n— dimensional identity matrix




Matrix Inverse

Let A = square matrix. A~1 = “inverse of A" satisfies
(nxn)
A71A=T,
AAT1I=T,
Remark: A~1 is similar to the inverse of a number:
1
a=2, a l=2
2
1
a-at=2.2=1
2
1
alia==.2=1
2
R function
solve(A)
Excel function
MINVERSE(matrix)

<ctrl>-<shift>-<enter>




Representing Systems of Linear Equations Using Matrix Algebra

Consider the system of two linear equations
r+y=1
2r —y=1

The equations represent two straight lines which intersect at the point

rT=Z,Y==

2
3 3

Matrix algebra representation:

or

where




We can solve for z by multiplying both sides by A~1

A LA .z=A"1p
—I.z=A"1lb

or

Remark: As long as we can determine the elements in A~L, we can solve for
the values of x and y in the vector z. Since the system of linear equations has
a solution as long as the two lines intersect, we can determine the elements in
A1 provided the two lines are not parallel.

There are general numerical algorithms for finding the elements of A~1 and
programs like Excel and R have these algorithms available. However, if A is a
(2 x 2) matrix then there is a simple formula for A1, Let

A:[all alZ].

az; a2
Then
Al 1 [azz —012].
det(A) | —a21 ai11
where

det(A) = ajjan — azaip # 0




Let's apply the above rule to find the inverse of A in our example:

_ 1 ~1 -1 i1
Ve a7
—1-2| -2 1 5 3

Notice that
11
A7TA = [ 3 3
3 3

Our solution for z is then

WI=WIN WINWI -

_ 2 _1
sothat z = 5 and y = 3.

In general, if we have n linear equations in n unknown variables we may write

the system of equations as

a1171 + a1272 + -+ + a1pTn = by
a2171 + ap2T2 + -+ + azpTn = by

an1T1 + ap2x2 + - - - + annTn = b

which we may then express in matrix form as

ail ai2 - Aip x1 b1
agir @2 - agp | | @2 | _ | b2
anl Gap2 -+ Gann In bn

or

X = .
(nxn) (nx1) (nx1)




The solution to the system of equations is given by
x=A"1b

where A™IA =1 and I is the (n x n) identity matrix. If the number of
equations is greater than two, then we generally use numerical algorithms to
find the elements in A~1.

Representing Summation Using Matrix Notation

n
in:xl—l—xg—l—---—i—acn
1=1
1 1
X = 1'2 5 ]_ = 1
(nx1) : (nx1)
In




Then
1
X/l:(ajl [E2 “ . xn) 1
1
n
:x1+$2+"‘+$n22$i
=1

Equivalently

Sum of Squares

n
Saf=af a5+ +ap

=1
I1
x
X/X:<$1 Ty - xn) _2
In

n
:x%—l—x%—l—----}—x%:Zx?

1
=1




Sums of cross products

n
Z TiYi = T1Y1 + T2Y2 + -+ + TnyYn
i=1

Y1
X,y:<$1 o - .T:n> y2
Yn

n
=T1Y1 +T2Y2 + - + TnYn = §:5Wyi
i=1

= y/X

R function
t () %*hy, t(y)hxhx
crossprod(x,y)
Excel function
MMULT(TRANSPOSE(x),y)

MMULT(TRANSPOSE(y),x)
<ctrl>-<shift>-<enter>




Portfolio Math with Matrix Algebra
Three Risky Asset Example

Let R; denote the return on asset : = A, B, C' and assume that Ri, Ry and
R3 are jointly normally distributed with means, variances and covariances:

wi = B[Ry, of = var(R;), cov(R;, R;) = oy

u_ n

Portfolio “x

x; = share of wealth in asset ¢
zA+xzptzrzo=1
Portfolio return

Rp,x =xzpRpa+2xpRp +xzcRc.

Portfolio expected return

ppx = E[Rpa] = T apa + xpup + xciC
Portfolio variance
a]%,x =var(Rpz) = :c124c7124 + :czBJ2B + x%«a%
+2xpxgoAB + 2x A0 AC + 2T BTCOBC
Portfolio distribution

Rp’aj ~ N(,Uzp)_q;, O-]%,$)




Matrix Algebra Representation

R4 KA 1
R=|Rp |, uw=|ws |, 1=]1
Rc pe 1
TA 0'124 0AB OTAC
X = rpB 5 d = OAB U2B OBC
Tre GAC 9BC O%’

Portfolio weights sum to 1

1
Xl1=(zy4 2z z¢c )| 1
1

::c1+a;2+a;3:1

Digression on Covariance Matrix

Using matrix algebra, the covariance matrix of the return vector R is defined
as

cov(R) = E[(R — p)(R — p) ] = =
If R has N elements then X will be the N X N matrix

o'% 0'122 « s . o'ln
| o om
2

Oln O2n " Op




For the case N = 2, we have

E[(R—p)(R—p)] = E [( mm ) (Ry— iy, Ry — uz)]
2x1 1x2 2

12
B [( (Ry — p1)? (R1 — p1)(Ro — p2) )]
(Ro — p2)(R1 — p1) (R2 — p2)?
_ ( E[(Ry — p1)?] E[(Ry — p1)(R2 — p2)] )
E[(Ry — p2)(R1 — p11)] E[(R2 — p2)?]

_ ( var(R7) cov(R1, Rp) ) . < o? o1 ) ¥

cov(Rp, R1) var(Ry) o2 o3

Portfolio return

R4
Rpz=xR=(z4 zp zc)| Rp
Rc

=xARA+2pRp+ xzcRo

= R/x
Portfolio expected return

, mA
ppae=%xp=(z4 Tp zx )| UB
re

=TAMA T TBUB T TCUC
= M/X




Excel formula

MMULT (transpose (xvec) ,muvec)

<ctrl>-<shift>-<enter>

R formula

crossprod (x,mu)

t (x) YxJmu

Portfolio variance

02, = var(x'R) = E[x/(R — u)(R — 1)/x] =
— XE[(R — p)(R — u)]x = X'Sx
‘7% OAB OAC
=(z4 zp zc)| oA 0% TBC
CAC OBC O¢
= :19124031 + 5’723023 + a:%a%
+2xpxgoAB + 2 A0 AC + 2T BTCOBC

TA
B
L




Excel formulas

MMULT (TRANSPOSE (xvec) ,MMULT (sigma,xvec))
MMULT (MMULT (TRANSPOSE (xvec) ,sigma) ,xvec)
<ctrl>-<shift>-<enter>

R formulas

t (%) %x%sigmal*lx

Portfolio distribution

2
Rp,ﬂf ~ N(,Uzp)_q;, O-p,fl?)

Covariance Between 2 Portfolio Returns

2 portfolios
TA YA
X = B y Y = YB
rc Yo

Portfolio returns

Covariance

cov(Rp,z, Rp,y) = x' Xy
=y'¥Ex




Derivation

cov(Rpz, Rp,y) = cov(x'R,y'R)
= E[(x'R — E[xX'R])(y'R — E[y'R])]
= E[X'(R — p)(R — p)'y]
= x'E[(R — p)(R — p) ]y
=x'3y

Excel formula

MMULT (TRANSPOSE (xvec) ,MMULT (sigma,yvec))
MMULT (TRANSPOSE (yvec) ,MMULT (sigma,xvec))
<ctrl>-<shift>-<enter>

R formula

t (x) %*%sigmalk*by




Bivariate Normal Distribution

Let X and Y be distributed bivariate normal. The joint pdf is given by
1

flz,y) =
2noxoyy/1 — p%(Y

(w — ux)z N (y — W>2 _ 2pxy(z —px)(y — uy)] }

X

D¢ oy 0X0y

1
exp{ —
{ 2(1— P%(y')
where E[X] = px, E[Y] = py, sd(X) = ox, sd(Y) = oy, and pxy =
cor(X,Y).

Define
2
X={(3 ) ox=(") u= ("), m=( 7% X
Y Yy wy oxXy Oy
Then the bivariate normal distribution can be compactly expressed as

1 1 Iy—1
— —5(x—p)E7H (x—p)
&) = raam)iz’

where
2 2 2 2 2 2 2 2
det(X) = ooy — oky = 0x0y — oxOyPXY
2 2 2
= ooy (1l — pky)-
We use the shorthand notation

XNN(:UﬂZ)




