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Abstract. This paper is meant to familiarize the audience with some of the
fundamental results in the theory of implementation and provide a quick
progression to some open questions in the literature.

1 Introduction

There are many economic, social, and political situations where individ-
uals interact to make decisions that affect them collectively. Examples range
from voting to elect representatives or choose a public policy, to trading in
a market. Based on their preferences over the possible outcomes of the inter-
action, individuals may act strategically in order to influence the outcome to
their advantage. For instance, in an election a voter might vote for his or her
second ranked candidate if the voter’s favorite candidate has no chance of
being elected; or in an auction a buyer may select a bid considering trade-
offs between the probability of winning the auction and the price to be paid.
The specific design of the institution through which individuals interact, for
instance the rules of the election or auction, can have a profound impact on
the strategic behavior of the members of the society and on the outcomes of
the process. Implementation theory is a study of the relationship between the
structure of the institution through which individuals interact and the out-
come of that interaction.

This paper grew out of lectures given at the NATO Advanced Study Institute on
Game Theory and Resource Allocation: The Axiomatic Approach, which took place
at SUNY Stony Brook in July of 1997. I thank the organizers and especially William
Thomson for organizing the institute and the participants for feedback on the lectures.
I thank Salvador Barbera for detailed suggestions an earlier version of this manuscript,
and Maurice Salles and an anonymous referee for helpful comments.
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Game theory plays a central role in the modeling of the strategic interac-
tion studied in implementation theory. In many applications of game theory,
the game modeling interaction is taken as given and analyzed to predict the
actions of individuals and the resulting outcome. In implementation theory,
instead of taking the game as given, it is something to be designed. Often, one
thinks of the desired outcomes as the given and analyses whether there exist
game forms for which the strategic properties induce individuals to (always)
choose actions that lead to the desired outcomes. An example of an imple-
mentation question is: how can we design an auction to be sure that the indi-
vidual who most highly values an object is sure to be the winner of the auc-
tion?! In this view, implementation theory is a normative branch and game
theory is a positive branch of the same tree, and implementation theory is the
design or reverse engineering process associated with game theory. Of course,
this view is a bit caricatured, but indicates that there is a close relationship
between the tools and understandings developed in implementation theory
and game theory.

To get a feeling for the type of questions that are analyzed in implemen-
tation theory let us start by looking at a classic example. Consider a society or
committee holding an election to select one out of a set of candidates. Each
member of the society has a preference ranking over the candidates. The so-
ciety may have certain aspirations regarding which candidate should be
selected as a function of the preferences of the members of the society. For
instance, it may wish to avoid selecting a candidate who is Pareto dominated
by another candidate (i.e., a candidate ranked lower than another candidate
by all members of society). It may also wish to select a Condorcet winner (a
candidate who defeats any other candidate in a pairwise comparison according
to a majority of voters’ preferences) if such a candidate exists. If these were the
goals of the society then the implementation question would be, “Does there
exist an election procedure for which for each possible profile of preference
rankings of the voters, each equilibrium outcome of the election procedure
would be Pareto optimal and Condorcet consistent?”’

In order to answer this question one has to make precise what an election
procedure is and what equilibrium outcomes are. This is the point at which
game theoretic tools are used. The election procedure is modeled as a game
form or what is commonly referred to as a mechanism in the literature. It
specifies a set of possible actions or messages that each member of society
can use, and then the outcome (in this case the candidate elected) as a func-
tion of the actions or messages sent by the members of society. For instance
one could have each member of society submit their ranking of the candi-
dates. If there are m candidates, then one could award a candidate m points
for each voter whose submitted ranking places them highest, m — 1 points
for each voter’s submitted ranking places them second highest, and so on.

! For an analysis of this particular problem from a mechanism design point of view,
see Dasgupta and Maskin (1997). I will discuss the relationship and difference between
mechanism design and implementation.
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The elected candidate is the one who has the most points, with ties broken
according to some pre-specified rule. This is the mechanism corresponding to
Borda’s (1781) scoring method. Of course, it may not be in a society member’s
best interest to report their true preference ranking. This is where equilibrium
concepts from game theory are used to make predictions concerning strategic
behavior. A solution concept such as Nash equilibrium can be used to predict
the preference rankings that will be reported by voters as a function of the
voters’ true preference rankings. Depending on the class of mechanisms that
are admitted (e.g., how complicated we allow the message spaces to be) and
which equilibrium concept that is used, we can end up with different answers
concerning the possibility of selecting Pareto optimal outcomes and being
Condorcet consistent.?

In the above example a very concrete question was posed. We asked
whether it was possible to design election procedures that possess specific
properties, or in the language of the theory, whether it is possible to imple-
ment correspondences (mapping preference profiles into social outcomes) with
specific properties. Also, we focused our attention on a specific setting. While
this is one way to proceed in analyzing implementation, it does not directly®
provide a general understanding of implementation that moves across differ-
ent problems. Another way to proceed, is to take a more abstract approach
to the implementation problem and attempt to fully characterize what can
be implemented. That is, we can search for properties that precisely identify
which correspondences are implementable and which are not, and also iden-
tify implementing mechanisms. These properties can then be applied to spe-
cific settings to check whether a given correspondence can be implemented.
Such general characterization results have been produced with remarkably
little in terms of assumptions on the structure of the set of alternatives or the
feasible preferences of individuals. As we shall see, the theory has alternated
between fairly general and abstract theorems that cover a wide variety of
potential applications, and more focused and detailed theorems that apply
to particular settings or correspondences.

In what follows, I concentrate on a specific progression in the literature
and in doing so provide a biased view that often reflects my own perspective
on the literature. These lectures are meant to be an introduction to the theory
rather than a survey,* and so I do this without apology. At points I provide

2 The Borda scoring mechanism will not satisfy Condorcet consistency. Moreover, as
we shall see in Example 3, if we use Nash equilibrium as a solution concept then it will
be impossible to always select Pareto optimal outcomes and be Condorcet consistent.
However, as shown for instance in Dutta and Sen (1993) and Jackson et al. (1994), under
the solution concepts of backwards induction or undominated Nash equilibrium it will
be possible to always select Pareto optimal outcomes and be Condorcet consistent.

3 Nevertheless, I will come back to discuss why an approach of cataloguing the
answers to such narrower questions may turn out to be a useful approach to developing
the theory.

4 Surveys of various aspects of the literature may be found in Moulin (1982), Moore
(1992), Palfrey (1992, 1995), Palfrey and Srivastava (1993), Allen (1997), and Corchon



658 M. O. Jackson

opinions concerning assumptions and results, which are quite critical. This is
meant to constructively point out limitations of some of the existing results
and suggest potential directions for future research.

In what follows I assume that the reader has an introductory level knowl-
edge of game theory (and thus has seen notions such as Nash equilibrium) and
is also familiar with some concepts from microeconomics such as preference
relations and Walrasian equilibrium.

2 Definitions and an example

2.1 Individuals

A finite group of individuals interact. N denotes both the set of individuals
and its cardinality. Generic individuals are represented as #, j, and k.

2.2 Outcomes

The set of outcomes is denoted A, and generic elements are represented as
a, b, c d

The set of outcomes may be finite or infinite depending on the application.
For example, consider the design of a voting procedure to elect one of a finite
number of candidates. In that case, N is the set of voters and A is the finite
set of candidates. As another example, consider the design of a market where
individuals interact to exchange 7 different goods. In that case NV is the set
of economic agents, and 4 — IR]X/ represents the final allocation of goods
(including labor, leisure, consumption goods, etc.) that are possible given the
endowments and production possibilities.

2.3 Preferences

Individual i’s preferences are represented by a binary relation R; over 4 that
is complete and transitive. The notation aR;b indicates that i weakly prefers
alternative a to b. The strict preference relation associated with R; is denoted
P; (where aP;b if and only if it is not the case that bR;a). The notation R de-
notes a profile R = (Ry,...,Ry), and (R_;, R;) denotes the profile where the
i-th entry of R is replaced with R;.

The set of admissible profiles of preferences is the set 2. Depending on the
application, 2 may impose restrictions on the preferences. For instance, in the
context of the exchange of private goods it may be assumed that preferences
are convex, continuous, and non-decreasing. I will sometimes refer to a profile
of preferences as being the state of the environment.

(1998). While these lectures are not meant to survey the literature, the Bibliography
that I include here is fairly comprehensive. The exception is that I do not include ref-
erences to the large literature related to dominant strategy implementation as Salvador
Barbera (2001) offers lectures on strategy-proofness in this same volume.
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2.4 Social choice correspondences

A social choice correspondence, F, maps profiles of preferences into subsets of
alternatives. For any R € 2, F(R) < A represents the set of socially desirable
alternatives when preferences are given by R. It will be assumed throughout
that Fis non-empty. When F is single-valued it is referred to as a social choice
Sfunction.

In many applications, F will be a well-known correspondence, such as the
Walrasian, Lindahl, or top-cycle correspondence, or will be a social choice
correspondence derived from some normative axioms, such as the correspon-
dence of Pareto optimal, individually rational, and envy-free allocations in a
private good exchange setting.

Generally, implementation theory seeks to characterize the set of social
choice correspondences that are obtainable as equilibrium outcomes when
individuals interact through some game form making strategic use of their
knowledge of the preference profile R. There are several perspectives that one
can take on this problem. One perspective is to begin with a specific corre-
spondence and setting, such as the Walrasian correspondence in a private-
goods economic setting, and ask whether that specific correspondence can be
implemented and if so by what mechanism. A second perspective is to work
more abstractly and characterize the set of correspondences that are imple-
mentable, by identifying conditions that they must satisfy. Both of these (and
some other) perspectives have been taken in the literature, and we shall see
examples of each.

2.5 Mechanisms

A mechanism is a pair M, g, where M = M) x --- x My is a cross product of
message spaces and g : M — A is an outcome function. Thus, for each profile
of messages m = (my,...,my), g(m) € A represents the resulting outcome or
allocation.

A mechanism is often also referred to in the literature as a game form. The
terminology game form distinguishes it from a game, as the consequence of
a profile of messages (or actions) is an outcome rather than a vector of util-
ity payoffs. Once the preferences of the individuals are specified, then a game
form induces a game. Since in the implementation analysis the preferences of
individuals vary from state to state, this distinction between game forms and
games is critical.

2.6 Solution concepts

A solution concept® specifies the strategic behavior of individuals faced with
a mechanism (M, g) given a preference profile R. Thus, it is a correspondence

> 1 use the terminology “solution concept” rather than ‘“equilibrium concept”, as
some of the concepts employed in the literature (such as single or iterative removal of
dominated strategies or maximin) do not make explicit use of “equilibrium ideas, and
can predict vectors of messages that are not stable in an equilibrium sense.
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S that identifies a subset of M for any given (M, g, R) specification. For the
question of what a mechanism implements, the specific messages that are pre-
dicted by the solution concept are only of intermediate interest as the corre-
sponding set of outcomes that result is the important concept. Thus, we pay
attention to the outcome correspondence associated with a solution S repre-
sented by Os(M,g,R) = {ae A|Ime S(M, g, R) s.t. g(m) = a}.

For example, for any given (M, g, R) a pure strategy Nash equilibrium is
a profile m e M such that g(m)R;g(m_;,;m;) for all i and m; € M;. Denote
this set by NE(M,g, R). The set of associated outcomes is Ong(M,g,R) =
{ae A|Ime NE(M,g,R) s.t. g(m) = a}.

I define other solution concepts as they arise and similarly defer definitions
of mixed strategies until they arise.

2.7 Implementation

A social choice correspondence F is implemented by the mechanism (M, g)
via the solution S, if Os(M,g, R) = F(R) for all R € 2. Fis said to be imple-
mentable via the solution S if there exists a mechanism (M, g) which imple-
ments it.

The above form of implementation is sometimes referred to as full imple-
mentation as it requires the exact coincidence of the outcomes of a mechanism
with the social choice correspondence.

One can also reasonably argue for a weaker form of implementation where
one only requires that Og(M, g, R) be a non-empty subset of F(R) for every
R.° This takes the point of view that any outcome in F(R) is socially desirable
and so any selection is fine. Note, however, that F is weakly implementable if
and only if some sub-correspondence of Fis implementable. The literature has
thus proceeded in characterizing what is implementable, which then provides
an indirect answer to the question of weak implementability.’

One key aspect of implementation (and weak implementation) is the re-
quirement that all equilibrium outcomes lie in the given social choice corre-
spondence. This is different from designing a mechanism that has one desired
outcome as an equilibrium outcome, as there may also be undesired equilib-
rium outcomes that are not accounted for. This points to the important dis-
tinction between the “implementation” literature and the “mechanism design”
literature as being one of worrying about multiple equilibria.® The mechanism
design literature focuses on incentive compatibility issues, asking whether a
given outcome can be induced as an equilibrium of some mechanism and gen-
erally ignores whether there are other equilibria. In situations where this leads
to a negative result (e.g., Myerson and Satterthwaite 1983) showing that cer-
tain outcomes cannot be sustained as the equilibrium of any mechanism, this

6 See Thomson (1996) for an argument supporting full implementation over weak.

7 This may not be an entirely satisfactory approach, as there may be conditions
for weak implementability that are easier to verify than checking whether some sub-
correspondence satisfies the conditions for implementability.

8 See Jackson (2000) for a recent survey of the mechanism design literature.
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approach is fine. However, in situations where it leads to positive results so
that one identifies a mechanism and one of its equilibrium as satisfying some
desired criteria, then one should be very careful in interpreting the result. Can
we be sure that the given equilibrium will be played and not some other equi-
librium of the mechanism?® Are there other mechanisms that are better from
the perspective of maintaining the desired equilibrium, but not having other
undesired ones? These questions are important and can be applied to almost all
of the mechanism design literature, including the auctions and the principal-
agent literatures.'® This point is well illustrated in an example of Demski and
Sappington (1984), where the “optimal” mechanism to a principal-multiple
agent problem has a second equilibrium which makes all the agents better off
and the principal worse off.!?

The multiple equilibrium issue is why the implementation problem is
still non-trivial in environments with complete information, where each in-
dividual knows the other individuals’ preferences. As an example, suppose
that we consider trying to implement the Walrasian correspondence in a
classical Edgeworth setting. If we only want to make sure that Walrasian
outcomes are Nash equilibrium outcomes, and do not care about what other
equilibrium outcomes may arise, there is a simple mechanism that works.
Individuals simultaneously announce a full vector of feasible allocations. If
they all announce the same vector of allocations then that is the outcome,
and otherwise the outcome is that they each keep their endowment. Clearly
everyone announcing the same Walrasian allocation is a Nash equilibrium of
this mechanism. Unfortunately, there are many other equilibria of this mech-
anism which are not Walrasian allocations. The implementation question is
whether there exists a mechanism whose entire set of Nash equilibrium out-
comes coincides with the set of Walrasian allocations for each preference
profile.

2.8 On the timing and information structure

Much of the implementation literature uses an idiom that refers to a social
planner, who is benevolent and selects the mechanism to implement a social
choice correspondence with a society’s best interest at heart. A question that
then naturally comes to mind when thinking about the implementation prob-
lem is why doesn’t the social planner adjust the mechanism once the prefer-
ence profile is realized.!? Alternatively, why do the individuals in society have

° If so, why was this not built into the solution concept to begin with?

19 For further examples and a pointed discussion of this issue, see Palfrey and Srivas-
tava (1993).

11 A defense that is often offered for focusing a single equilibrium is that society can
direct its members to play the desired equilibrium and then they should have no reason
to deviate. This argument loses some power when there are alternative equilibria that
are preferred by some (or even all) of the members of society, especially if there is any
possibility for the members to directly or indirectly coordinate on an equilibrium.

12 See Baliga et al. (1997) for the possibility of having the planner be a player who has
preferences and can affect the outcome function as part of equilibrium play.
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complete information concerning each others’ preferences (or at least enough
information to arrive at an equilibrium) and the social planner not? An answer
is that mechanisms represent institutions (or in some cases even constitutions),
that are meant to be long-lived. These may be costly to adjust, or it even may
be better to commit to fixing the institutions not to adjust to the specifics
of each realized setting. The rules for a securities market are fixed and then
traders arrive with their desired trades, and similarly the rules for an election
are (usually) set before preferences of the voters are realized. Thus, mechanisms
can be thought of as representing institutions, and the implementation problem
is to characterize institutions in terms of the correspondence of outcomes they
produce as a function of the realized state of individual preferences.

Finally, while incomplete information environments, where for instance in-
dividuals know their own preferences and hold beliefs over the preferences of
others, are arguably more realistic than complete information environments,
it has proven useful to attack the problem one piece at a time. Understanding
implementation in the complete information setting has helped significantly in
developing characterizations of implementation in Bayesian settings.

2.9 An example.

Hurwicz laid much of the foundation of the implementation problem, and
presented a simple example that is a very good one for a first analysis of some
of the issues.

Example 1 (Hurwicz 1972). Consider a two person, two good exchange econ-
omy, represented by an Edgeworth box. Individual 1 has an endowment e! =
(0,1) and individual 2 has an endowment e?> = (1,0). Let x! denote indi-
vidual i’s allocation of the /-th good. So here our space of feasible alloca-
tions is 4 = {(x!,x?) e RY |x] +x7 = x} +x} =1}.

Consider two states of the world. In the first state (R!, R?), the preference
relation R’ of each individual is represented by a Cobb-Douglas utility func-
tion u;(x) = xix%. In the second state, (R!, R?), the preferences of agent 1, R,

1
1+ x}

Suppose that we are interested in implementing the Walrasian corre-
spondence. The unique Walrasian equilibrium allocation at R', R? is x! =
x?=(1/2,1/2), and at R', R? is x! = (1/2,7/9) and x? = (1/2,2/9).

Clearly, in either state agent 1 prefers to have the allocation associated
with (R', R?) to that associated with (R!, R?).!3 This is seen in Fig. 1.

There are a few important conclusions to draw from this example. The first
is that a direct mechanism, or the classic one associated with a “Walrasian
auctioneer” who asks individuals to report their demand functions, will not
implement the Walrasian correspondence. Individual 1 is better off acting as

are represented by the utility function i (x) = x} —

'3 Hurwicz actually makes a stronger point. Every allocation that is Pareto efficient
and individually rational for both individuals at R', R?, is preferred under R' (and R')
to the Walrasian equilibrium allocation at R!, R?.
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if he had preferences R! instead of R!' when the state is actually (R!, R?). This
also implies that any sort of incentive compatibility condition will be violated
by the Walrasian correspondence (or any selection from it) when agents’ pref-
erences are private information.

Hurwicz points out another consequence of this line of reasoning. A
mechanism that implements'# the Walrasian correspondence must make use
of information of agent 2 concerning the preferences of agent 1, as agent 1 can
otherwise pretend to be of type R!. Thus, Hurwicz argues that no “privacy
preserving”’ mechanism can implement the Walrasian correspondence, where
privacy preserving is an appropriate formalization of the idea that the mech-
anism only incorporates knowledge of an individual about his or her own
preferences.

Let us now explore a related question in the context of the same problem
in order to get a better feeling for the implementation problem. We know that
a mechanism that implements the Walrasian correspondence in this example
must make some use of individual 2’s knowledge of individual 1’s preferences.
So we might ask, is that enough? Is there a simple mechanism that Nash im-
plements the Walrasian correspondence in this two state example?

The following is the direct mechanism associated with simply asking in-
dividuals to announce their own preferences. The first entry in each row is
individual 1’s allocation and the second is individual 2’s allocation.

Clearly, there is a unique strictly dominant strategy equilibrium in either
state for individual 1, which is to say R!, and so such a direct mechanism

14 T am being vague about the solution concept at the moment, but the statement is
true for most solutions concepts.
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Table 1.
Individual 2
RZ
Individual 1 R! =130, =3
R =039 2=0G9
Table 2.
Individual 2
Left Right
mdvidual | R A== =D =G
R! x!=(0,1), x* = (1,0) X =09, 2= (.3

cannot Nash implement the Walrasian correspondence. This is just an illustra-
tion of Hurwicz’s point.!?

Let us now expand individual 2’s strategies to include two possible an-
nouncements “Left” and “Right”. We will design the mechanism so that it
is a strictly dominant strategy for individual 1 to say R' when the state is R!,
and R' when it is R'. Moreover, this can be done so that it is a strict best re-
sponse for individual 2 to say “Left” if individual 1 is playing R!, and to
say “Right” if individual 1 is saying R'.

For the mechanism in Table 2, the unique Nash equilibrium in state (R!, R?)
is (R!, Left) which results in the Walrasian allocation for that state, and sim-
ilarly for the state (R', R?) the unique Nash equilibrium is (R', Right). This
mechanism thus implements the Walrasian correspondence (for this simple
two state environment) in Nash equilibrium. The mechanism also implements
the desired correspondence in the iterative elimination of strictly dominated
strategies, and most other solution concepts.

As is consistent with Hurwicz’s privacy preserving point, it was necessary
for us to have individual 2 play a role even though only 1’s preferences vary.
One thing to note about the above mechanism, is that individual 2 does not
simply “report” what she knows about individual 1. Individual 2 would have
an incentive to say that it was state R', even if it was state R'. Thus, the agents’
incentives in this regard are opposed. Instead, allowing individual 2 to have a
non-trivial message space allows us to create a richer mechanism; and in par-
ticular to exploit switches in individual 1’s preferences between the two states.
For instance, the “R!, Left” entry is one that individual 1 prefers to “R', Left”

15 This also illustrates that no mechanism can implement the Walrasian correspon-
dence in dominant strategies, as it would have to take this form when looking only at
the strategies used based on these preferences.
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in state R' but not in state R'. Thus, the off-diagonal entries are critical to the
working of the mechanism and were not chosen by chance. This begins to hint
at an important necessary condition for Nash implementation that I discuss
next.

The contrast between the workings of the two mechanisms above points
out the importance of considering a large class of mechanisms for the imple-
mentation problem, and most notably to include mechanisms that do more
than simply ask individuals to report their preferences. Although the mecha-
nism in Table 2 can be regarded as a direct mechanism if one thinks of ask-
ing each individual to report the state, the entries in the off-diagonals are still
critical to successful implementation. Moreover, there are problems where im-
plementation can only be achieved by mechanisms that are more complicated.
In order to develop a deeper understanding of this, let us now analyze Nash
implementation.

3 Nash implementation

The seminal work on Nash implementation by Maskin (1999),'° not only

provides us with an understanding of what is implementable in Nash equilib-
rium, but it also provides a blueprint for the techniques and approach that
underlie many of the general characterization results in the literature. Thus, it
is useful to study Nash implementation in some detail.

3.1 Monotonicity two ways

Maskin identified an intuitive necessary condition for Nash implementation
that he called monotonicity.!” This condition may be expressed in two differ-
ent ways. It is a trivial exercise to see that the statements are equivalent.
Nevertheless, I present each of them separately as these expressions corre-
spond to different expressions in the implementation problem, and it is useful
to emphasize each of these points of view.

Suppose that a social choice correspondence F is Nash implementable.
What can we deduce about F? Its implementability implies that there exists
an implementing mechanism (M, g). So consider a preference profile R and
an alternative a € F(R). Since F is Nash implementable there exists a profile
of actions m € M such that m is a Nash equilibrium at R and g(m) = a.
Next, suppose that there exists another preference profile R such that a ¢
F(R). The fact that (M,g) Nash implements F then implies that m cannot
be a Nash equilibrium at R. Thus, there must exist an agent i and a devia-
tion /; that i prefers to m; at R;. That is, there must exist i/ and ; such

16 The paper circulated as a working paper from 1977 to 1998.

17 This condition previously appeared in the social choice literature under the name
strong positive association (e.g., see Muller and Satterthwaite 1977). The name mono-
tonicity, however, stuck and has recently been referred to as Maskin-monotonicity by
several authors. This condition differs from the monotonicity condition discussed in the
context of social welfare orderings (e.g., see Moulin 1988 for a review of some results
regarding monotonic social welfare orderings).
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A
a
L] b Rz
Ri
a >
A
a
R
L] b
Ri
b >
Fig. 2a,b.

that g(m_;, m;) P;g(m). Since m was a Nash equilibrium at R, it must be that
g(m)R;g(m_;,m;). Letting b = g(m_;,m;), we have reasoned that F must sat-
isfy the following condition.

A social choice correspondence F is monotonic if for any R € 2, R € 2, and
a € F(R) such that a ¢ F(R), there exist i and b such that aR;b and bP;a.

This condition is represented in Fig. 2, above.

In Fig. 2, the set of allocations is in ]Ri for individual i. The monotonicity
condition states that if a € F(R) but a ¢ F(R), then there exists some i for
whom either the indifference curves through a corresponding to R; and R;
cross (Fig. 2a)'® or the upper contour set of R; through a is a superset of the
upper contour set of R; through a (Fig. 2b).

We have reasoned the following result.

Theorem 1 (Maskin 1999). If a social choice correspondence F is Nash imple-
mentable, then F is monotonic.

To get some practice understanding monotonicity, the reader can return to
the implementing mechanism in Example 1 (Table 2) and verify that player 1

18 Although in the figure, the indifference curves cross at a, they can cross at any
point and may cross more than once. As noted in Maskin (1999), the Spence-Mirrlees
single-crossing condition is stronger than monotonicity. For a study of the relationship
between monotonicity and single crossing properties see Arya et al. (1998).
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and the off-diagonal entries satisfy the monotonicity conditions that are nec-
essary for implementation.

To develop a fuller understanding of monotonicity, let us examine the
condition from a different, but formally equivalent perspective.

Consider a preference profile R and alternative a € F(R). Suppose that R
is such that for each i if aR;b, then aR;b. This says that a’s standing in i’s
preference ranking has has not fallen from R to R, so that a is still weakly
preferred under R; to each b it was weakly preferred to under R;. From Nash
implementability we know that there exists m which is a Nash equilibrium at
R. This implies that g(m)R;g(m_;, ;) for any i and potential 77;. Given that
aR;b implies aR;b, it must be that g(m)R;g(m_;, ;) for any i and potential
;. Thus, m is also a Nash equilibrium at R and so a € F(R). This leads to
the following statement of monotonicity.

A social choice correspondence F is monotonic if for any R, a € F(R), and
R, such that for each i and b aR;b implies aR;b, a € F(R).

Thus, monotonicity requires that if « € F(R) and for each i the upper
contour set of R; through « is a subset of the upper contour set of R; through
a, then a € F(R).

This condition is represented in Fig. 3, below.

One statement of monotonicity follows the reasoning that if an alternative
is to be implemented at one profile but not another, then it must have fallen in
someone’s rankings in order to break the Nash equilibrium via some devia-
tion. The other statement of monotonicity follows the reasoning that if an al-
ternative is implemented at one profile and rises in each individual’s rankings
at another preference profile, then profile of actions leading to the alternative
which form a Nash equilibrium at the first profile must still be a Nash equi-
librium profile at the second profile. These conditions are obviously equivalent
as one is simply the contra-positive of the other. Nevertheless, it is still useful
to consider both statements. The first emphasizes that there must exist some
preference reversal if an equilibrium at one profile is to be broken at another.
This suggests natural relationships with various preference crossing properties,
such as the Spence-Mirrlees condition. The second emphasizes that if the

v

Fig. 3.
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standing of an equilibrium alternative improves it must remain an equilibrium
outcome, which is often a useful way of checking whether monotonicity is
satisfied and provides useful bridges to understanding the connection to con-
ditions such as strategy-proofness.

3.2 Sufficient conditions for Nash implementation

Monotonicity alone is not a sufficient condition for Nash implementation, but
it is sufficient together with an auxiliary condition called no-veto power when
there are at least three individuals.

A social choice correspondence F satisfies no veto power if whenever i, R,
and « are such that aR;b for all j # i and all b € 4, then a € F(R).

No veto power is a condition that is quite weak in some contexts, such as
environments with some private goods when there are at least three (non-
satiated) individuals. In such a context, each individual would prefer to have
more of the private good and so there is never a single alternative that is most
preferred by more than one individual. However, the condition is more re-
strictive with 2 individuals, as then it requires that each individual’s favorite
outcome be in the correspondence; and in contexts such as voting environ-
ments where there is no private good, as then it is possible to have a number
of individuals agree on a favorite outcome and no-veto power ignores how
poorly that outcome may rank under a remaining individual’s preferences.

Theorem 2 (Maskin 1999). If N > 3 a social choice correspondence F satisfies
monotonicity and no veto power, then it is Nash implementable.

It is instructive to sketch a proof of this theorem, as it provides insight into
the approach used to prove many of the sufficiency theorems in the literature.*®

Generally, it is easy to design a mechanism that has the desired outcomes
as Nash equilibria. It is more difficult to rule out undesired outcomes. To see
this, consider the following trivial mechanism: if at least N — 1 individuals
name the same alternative then that is the outcome, otherwise some arbitrary
b is the outcome. Notice that a unanimous announcement of any «a is a Nash
equilibrium for any preference profile. However, every alternative is an equi-
librium outcome for such a mechanism regardless of the preference profile.
This points to the importance of the multiple equilibrium problem. One way
to view the mechanism below is to start with such a trivial mechanism and
then modify it using monotonicity to rule out undesired equilibria.

Consider a social choice correspondence F which satisfies monotonicity
and no veto power and assume that N > 3. Consider the following mechanism.

19 Although the theorem was first stated in Maskin (1999) (circulating as a working
paper in 1977), the first proof was by Williams (1986). William’s proof required some
additional assumptions on the setting, and the first complete proof of the theorem as
stated is in Saijo (1988). The proof given here is adapted from Repullo (1987) and
Moore and Repullo (1990). Karl Vind was the first to suggest this structure of proof,
and a mechanism that was a precursor to this one, in a discussion of Maskin’s work
in the 1970’s (see Groves 1977, Footnote 6).
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M; =2 x A x N where N is the set of nonnegative integers. Thus, each
individual announces a preference profile, an alternative, and an integer.
Define g as follows:

(1) if my =my =---=my = (R,a,n) and a € F(R), then g(m) = a.

(2) If there exists i such that m; = (R, a,n) for all j # i, where a € F(R), and
m; = (-, b,-) where m; # m;, then g(m) = b if aR;b and g(m) = a if bP;a.

(3) For any other m label m; = (-,a;,n;) and let i* be the lowest indexed i
such that n; > n; for all j # i, and then g(m) = a;-.

To paraphrase the mechanism:

(1) applies if all individuals make exactly the same announcement, and
then the announced alternative a is the outcome of the mechanism.

(2) applies to situations where if all but one individual make exactly the
same announcement, and some individual / makes a different announcement.
In that case, the outcome is the » announced by that individual  if it is no
better than the alternative ¢ announced by the others under the preference for
i announced by the other individuals. Otherwise the outcome is a.

(3) applies the remaining announcements that do not fall under (1) or
(2). Here we identify the individual who announced the highest integer (and
break ties according to individual labels) and the outcome is the alternative
announced by that individual.

Let us verify that this mechanism Nash implements the desired F. Let R
be the true preference profile.

First, let us check that for any a € F(R) it is a Nash equilibrium for all
agents to announce m; = (R, a,0). A unilateral deviation by any i results in an
m_;,m; that falls in (2), and then can only result in a b such that aR;b. Thus,
no i can gain by deviating and so m is an equilibrium.

Next, let us check that every Nash equilibrium results in some a € F(R).
If m is a Nash equilibrium that falls into (3), then it must be that g(m) is
the most preferred outcome of all agents, since otherwise any agent i could
deviate and announce an integer higher than the other agents and select any
outcome «;. Thus, by no veto power it must be that g(m) € F(R). If m is a
Nash equilibrium that falls into (2), then any agent j # i (where i is as defined
in (2)) could unilaterally deviate and choose an action such that g would be
determined by (3) and j = i* (simply by announcing an integer higher than
any other agent and any desired ;). Thus, for such an m to be an equilib-
rium, it must be that g(m) is most preferred by all agents j # i, and again
no veto power ensures that g(m) € F(R). Finally, consider the case where m
is a Nash equilibrium and g is determined by (1). If the preference profile R
is announced truthfully, then the outcome must be in F(R). So consider the
case where m; = my = --- = my = (R,a,n) and a € F(R) where R # R. Any
individual i could deviate to obtain any b # a such that aR;b (by simply
announcing (-, b, -) which puts m_;, 7i7; under (2)). Thus, it must be that if aR;b
then aR;b. Thus, by monotonicity a € F(R).

This basic structure of this mechanism underlies the construction of mech-
anisms in many of the constructive proofs for other solution concepts too. The
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basic idea is that there is a possibility for complete agreement which falls un-
der (1). This allows outcomes in F(R) to be sustained as equilibrium out-
comes. As it is possible for the individuals all to announce the same (R, a,n)
even when the state is R and a ¢ F(R), part (2) of the definition of g allows
monotonicity to work so that some i can deviate and announce (R, b,n) and
obtain b. Part (3) then allows any individual other than i to obtain any out-
come they like, which rules out equilibria that fall under (2), unless b is most
preferred by all j # i in which case by no veto power, b € F(R).

As discussed previously, no veto power is not a necessary condition and
can be restrictive. So it is worthwhile to identify a set of conditions that is
both necessary and sufficient for Nash implementation. Such conditions have
been obtained by Moore and Repullo (1990). Although these conditions are
more complicated, they do provide additional insight and I refer the reader to
the Moore and Repullo (1990) paper for more detail.*°

Theorem 2 requires that N > 3. The case of N = 2 is of obvious impor-
tance as there are many bilateral interactions that one would like the theory
to handle. Interestingly, there are non-trivial differences between the case of
N =2 and N > 3. To get a rough idea of the additional considerations that
appear for the case of N =2, notice that the mechanism used to prove Theorem
2 makes use of the fact that when N — 1 agents announce the same thing, then
one can identify an i who is demanding a different alternative as in (2) of
the definition of g. With 2 agents this is not possible and an additional nec-
essary condition appears, which arises from considerations of what happens
when agent 1 plays a strategy that should be played in one state and agent 2
plays a strategy that should be played in another state. Characterizations for
the case of N =2 appear in Dutta and Sen (1991b) and Moore and Repullo
(1990). While the full characterization is complex, an intuitive sufficient con-
dition called the “non-empty lower intersection condition” appears in Dutta
and Sen (1991b), and I refer the interested reader there for details.

3.3 The restrictiveness of monotonicity

There are aspects of monotonicity that make it a strong and restrictive
condition, and a condition that is more easily motivated as a necessary con-
dition of Nash implementation than by direct normative argument. Consider
a e F(R) and R such that for each i and b aR;b implies aR;b. Monotonicity
requires that a € F(R). Two aspects of the strength of this condition are as
follows. First, it is allowed for a to be strictly preferred to b under R; and in-
different to b under R;. Thus, there is a limited sense in which a could have
gotten worse in moving from R to R, and yet monotonicity still requires that

a lie in F(R). The reasoning based on Nash implementation makes it clear as
to why this is a necessary condition, but this makes it a condition that will be

20 See Danilov (1989) and Yamato (1992) for elegant full characterizations in some
specific settings and Sjostrom (1991) for an algorithm for verifying the necessary and
sufficient conditions.
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violated by a number of social choice correspondences that have some strong
normative backing. Second, the comparison between R and R pays no atten-
tion to what happens to the relative ranking of alternatives other than a,
(except those implied by comparisons to @). These aspects mean that mono-
tonicity is violated by many natural voting methods as is illustrated below.

To get a more complete impression of the implications of monotonicity,
let us now explore in some detail whether it is satisfied by some specific well-
known social choice correspondences.

Let us begin with the classical exchange environment referred to in Hurwicz
(1972) and consider whether the Walrasian correspondence satisfies monoto-
nicity. In Example 1 monotonicity was satisfied. However, that was a very
restrictive setting and in fact monotonicity is not satisfied by the Walrasian
correspondence on the full classic domain of preferences. This was shown in
the context of the following example by Hurwicz et al. (1995).

Example 2 (Hurwicz et al. 1995). Consider a two person, two good Edgeworth
economy.?! There are two states (R', R?) and (R, R?), with the preferences as
pictured in Fig. 4 above. The allocation a is a Walrasian equilibrium at R', R?,
but not at R!, R?.

The difficulties that appear in the figure above have to do with the boundary
of the Edgeworth box. In order to satisfy monotonicity, we need to find b such

21 Although the figure is simply for 2 individuals, it is easily adapted for 3 or more
individuals.



672 M. O. Jackson

that aR'h and hP'a. The allocation b necessary to satisfy this requires an
amount of good 2 for player 1 that exceeds the total amount of good 2 avail-
able in the economy. The problem is that the crossing of preferences required
by monotonicity takes place outside of the Edgeworth box, and outside of the
set of allocations that are feasible for a mechanism to provide.

The way around this problem suggested by Hurwicz et al. (1995) is to
modify the Walrasian correspondence to include a as an equilibrium at R!, R%.
This new correspondence, called the “‘constrained Walrasian correspondence”
satisfies monotonicity and is Nash implementable when there are 3 or more
individuals.

To be precise let A = {xe RY| 3, xi < 3", el Vk}. Say that x is a con-
strained Walrasian equilibrium allocation if there exists p € ]Ri such that p - x'
< p-e' for each i and xR;y for all y € A such that p-y' <p-e'.

The constraint in the definition is in the requirement that y € A. In the
usual definition of a demand correspondence, one requires that a demanded
point be weakly preferred to all other points in the budget set. In this con-
strained definition, it is only required that a demanded point be weakly pre-
ferred to the points in the budget set that are also feasible given the resources in
the economy. Thus, a! is not in the demand correspondence of player 1 at R!,
but it is in the constrained demand correspondence. So, the allocation a is a
constrained Walrasian equilibrium at R', R?, and so the difficulty with mono-
tonicity is overcome. Hurwicz, Maskin, and Postlewaite (1995) show that the
constrained Walrasian correspondence is monotonic on a classical domain of
preferences, and it is contained in any upper-hemicontinuous social choice
correspondence that is Pareto efficient, individually rational, and monotonic.

Next, let us examine monotonicity in a voting context.

Example 3. Let A be a finite set of candidates, and consider the following
preference profile, with alternatives listed in order of preference.

R' =a,b,c, R =c,a,b,and R® = b, c,a.

Also consider R® = ¢, b, a.

Let F(R) = {a,b,c} and F(R™3, R*) = {c}. Fagrees exactly with the choice
of most scoring rules (e.g., Borda), and most any rule that is anonymous and
neutral (e.g., the top cycle correspondence, uncovered correspondence, Cope-
land rule, Simpson rule, etc.), as well as plurality rule. Unfortunately, F is not
monotonic since the standing of ¢ has not changed at all in anyone’s prefer-
ence ranking and yet a is in F(R), but not in F(R™3, R?).

This means that none of the voting correspondences that are commonly
used in political elections are Nash implementable!?? This suggests that se-
quential rationality or other solution concepts are needed for the implemen-
tation of voting correspondences.

To see the restrictiveness of monotonicity in the voting context from

22 Some well-known (but often quite “‘thick™) correspondences such as the Pareto
correspondence or union of favorite alternatives, however, are monotonic and Nash
implementable.
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another perspective, note that the Muller-Satterthwaite (1977) theorem states
that if 4 is a finite set, 2 includes all strict preference orderings on A4, and
N > 3 then any social choice function that is monotonic is necessarily dicta-
torial (where a dictator is a single agent who picks his favorite alternative
from the range of the function).

As we have seen, although monotonicity can be satisfied, it is in general
a strong condition. Many interesting and desirable social choice correspon-
dences are not Nash implementable. In view of this, various alternatives to
Nash implementation have been investigated in detail. One possibility is to
use alternative equilibrium concepts, an idea we will turn to later. Generally,
using stronger equilibrium concepts (i.e., more refined ones) allows for more
things to be implemented. Usually the more difficult challenge in implemen-
tation comes from ruling out undesired equilibrium outcomes, rather than
ensuring that desired outcomes are equilibrium outcomes. Stronger solution
concepts aid in ruling out undesired equilibria. The second possibility that
has been explored is to place additional structure on the set of alternatives
and then to require some sort of approximate, or what has become known as
virtual implementation. I discuss this next.

4 Virtual implementation

Virtual implementation works under the assumption that if one cannot exactly
implement a desired correspondence, then one should be willing to implement
a correspondence that is arbitrarily close to the desired one. In order to define
what is meant by “close”, we need additional structure on the set of alter-
natives. The way in which this has been done in the virtual implementation
literature is to let 4 be the set lotteries over some primitive set of alternatives.
Then we can say that we are implementing something ‘““close” to a desired
alternative if we end up with a lottery that places sufficiently high probability
on the desired alternative.

If we cannot Nash implement a correspondence we can ask whether there
is a correspondence sufficiently close to it, in the lottery sense, that can be
Nash implemented. More pragmatically, if a correspondence is not mono-
tonic, is there a correspondence close to it that is monotonic? There is no
reason to expect that the answer to this question should be yes. However, the
work on virtual implementation has coupled this approximation question to-
gether with additional conditions. The answer turns out to be yes if one re-
stricts attention to certain types of correspondences called “ordinal” ones, or
if one restricts attention to situations where individuals’ preferences have von
Neumann-Morgenstern representations. Both of these additional conditions
place significant structure on the problem as we shall see and discuss below.

Following with the literature on virtual implementation, let us assume in
this section that there is some underlying set of alternatives 4’ that is finite,
and that the set alternatives A is the set of lotteries on 4’. More formally, let K
denote the number of alternatives in 4’. Then 4 = {xe[0,1]* s.t. 3, xx =1}.
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This structure on the set of alternatives allows us to define distance among
two elements of 4 through Euclidean distance. This induces a notion of close-
ness of social choice correspondences:

Two social choice correspondences F and H are ¢-close if for every R € 2
there exists a bijection (one to one and onto function) 7 : F(R) — H(R) such
that |a — 7(a)| < & for each a € F(R).

So, two correspondences are é-close if for each preference profile there is
a one-to-one mapping so that each lottery in one correspondence is within ¢
of its corresponding lottery in the other correspondence. While this may seem
like an innocuous definition, it may be that two lotteries that are ¢ close to
each other are not even roughly equivalent to a society that cares about ex-
post realizations. This is a discussion that we will return to after seeing how
this definition is used.

A social choice correspondence F is virtually implementable if there exists
a social choice correspondence G that is e-close to F and is Nash implement-
able.??

We can now define the ordinality condition mentioned above, which is an
invariance condition on F.

Any given preference relation, R; on A4, allows us to compare pure out-
comes, which correspond to lotteries that provide probability 1 to some alter-
native, thereby inducing a preference relation on the set of underlying alter-
natives 4’. For any R, denote this preference relation by R;. In what follows,
assume that R} is a strict ordering.*

Fis ordinal if F(R) = F(R) whenever R}, = R for all i.?®

A preference relation R’ is monotone if there exists an ordering of A’,
ai,...,ag under R; such that

(l) alf;iaz . I;ja](, and
(i) if xe 4 and y € 4 are such that >, x> >,y vk for any M < K
and x # y then xP'y.

Thus, R’ is monotone (not to be confused with monotonic) if a lottery that
puts more weight on more preferred alternatives is preferred to one that puts
comparatively less weight on more preferred alternatives. This is a condition
that is satisfied by preferences that have a von Neumann-Morgenstern repre-
sentation, but is more general and allows for a richer set of preferences.

Now we are ready to state a result that contains the main insight of the
virtual implementation literature.

23 One can define other notions of virtual implementation by substituting some other
solution concept in the place of Nash equilibrium.

24 This simplifies the exposition. One can weaken this somewhat, as should be clear
in what follows, although one cannot allow for complete indifference. Details can be
found in Abreu and Sen (1991).

25 Ordinal is a bit of a misnomer. It requires that F ignore information contained in
how preferences vary on A rather than just on A’. Such information is not necessarily
“cardinal” information.
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Theorem 3 (Matsushima 1988, Abreu and Sen 1991).

e Any ordinal social choice correspondence defined on a domain of monotone
preferences is e-close to a social choice correspondence that satisfies monoto-
nicity.

* Any social choice correspondence defined on a domain of von Neumann-
Morgenstern preferences?® is e-close to a social choice correspondence that
satisfies monotonicity.

Let me outline a proof for each of these results, as the ideas are fairly
straightforward. A formal proof, although notationally heavy, can be easily
fleshed out by the reader. 1

First, let ¢ be the lottery that places equal weight X on every alternative in

A'. We construct G as follows. For any a € A consider the lottery (1 — &)a + &¢.
Transforming any lottery to this corresponding lottery we are sure to have an
“interior” lottery, or one that puts weight on each alternative. This mapping
defines a G that is ¢-close to F. The proof is completed by showing that given
either of the restrictions, such an interior G?” is necessarily monotonic. Con-
sider any R, and R, and (1 — ¢)a + &¢ € G(R) such that (1 — &)a + &¢ ¢ G(R).
First let us treat the case where F is ordinal and preferences are monotone.
Since G(R) # G(R), it follows from the ordinality of F that we can find i such
that R} # R!. So there are alternatives d € A and d € A’ such that dP/d and
d_};"d. From the definition of ¢, the lottery b = (1 — &)a + &¢ + %J— %d
is well-defined and in fact interior.?® Since preferences are monotone, it fol-
lows that (1 — &)a + &¢P'b and bP'(1 — &) + &¢. Thus, G is monotonic.

For the case where preferences satisfy the von Neumann-Morgenstern
axioms, the proof'is quite similar. Note that if G(R) # G(R), then there is some
i for whom R; # R;. Then, given the linearity of von Neumann-Morgenstern
preferences, we can find lotteries e € 4 and & € 4 such that eP;¢ and éPe.
This is pictured in the following figure for the case where A’ consists of three
alternatives. 1 1

Letting b = (1 — ¢)a + &¢ + =——é& — = e again fulfills the requirements to

. . 2K 2K
ensure that G is monotonic.

In this setting, given that every social choice correspondence satisfying
suitable conditions is close to one that is monotonic, is any such social choice

26 Here the social choice correspondence is defined on the domain of preferences and
not on the domain of utility functions. If one wants to use the set of von Neumann-
Morgenstern utility functions as the domain, then the social choice correspondence
must be constant across utility functions that are affine transformations of each other.
27 The reader can check that the following argument is easily adaptable to show that
any interior social choice correspondence is monotonic on these domains.

28 Here d and d represent the lotteries given weight one to d and d. These convex
combinations can be made directly as 4 is a Euclidean simplex.
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c

Fig. 5.

correspondence virtually implementable? The answer is yes when N > 3.2°
One can easily modify the environment so that no veto power is always
satisfied. Simply take A4 to be the set of all lotteries on A’, but omitting each
pure lottery (that places weight one on some alternative). Then no veto power
is satisfied trivially, as there is no best lottery for any individual since with
monotone preferences their favorite lottery is a pure lottery. The above theo-
rem then leads to the following corollary.

Corollary 1 (Matsushima 1988; Abreu and Sen 1991). Let N > 3. Any ordinal
social choice correspondence defined on a domain of monotone preferences is
virtually implementable. Any social choice correspondence defined on a domain
of von Neumann-Morgenstern monotone preferences is virtually implementable.

While virtual implementation provides for a remarkable conclusion, it
comes at the expense of strong assumptions.

First, in considering virtual implementation, one is implicitly assuming
that society is willing to settle for implementing something that is e-close to
the desired social choice correspondence. This raises the question of the ex-
post rationality of virtual implementation.3® Virtual implementation requires
that we play with small probabilities on lotteries that may have nothing to
do with the desired social choice correspondence, but can be used to distin-
guish preferences (the d’s and e’s in the above proof). In particular, with small

29 For the case of N = 2 one needs to add a non-empty lower intersection condition
which corresponds to the extra condition needed for two-person Nash implementation.
Details appear in Abreu and Sen (1991).

30 Many mechanisms for implementation can be criticized for the same reason. This
applies to the mechanisms for subgame perfect and undominated Nash implementation
presented in Sect. 6, and is something I discuss in more detail in Sect. 7.
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probabilities these may turn out to be the outcome of the mechanism. In order
for the virtual implementation arguments to be valid, agents must take these
small probabilities seriously and base decisions on them, with full expectations
that these outcomes will be enforced if they happen to be selected by the lot-
tery. It is perfectly possible that an outcome which is bad for all agents is ran-
domly selected, and the arguments underlying virtual implementation require
that the agents cannot change this outcome (for example, by renegotiating to
some other outcome).

Second, the assumptions of von Neumann-Morgenstern preferences or of
ordinality coupled with monotone preferences are strong ones and critical to
the arguments. Von Neumann-Morgenstern preferences are assumed in many
economics models because of their nice linearity with respect to probabilities,
which allows for a very tractable analysis. However, we should always be cau-
tious in interpreting results that rely critically on that linearity, rather than just
using it for tractability. In other words, if our results are robust to variations
in the set of preferences then working with von Neumann-Morgenstern pref-
erences for tractability’s sake is fine. However, if the results depend in a spe-
cial way on a restriction to the domain of von Neumann-Morgenstern pref-
erences, then we should be cautious in applying the results. Arguably, virtual
implementation relies critically on the linearity of preferences (or ordinality of
F coupled with monotone preferences®!) because it implies that the crossing
conditions needed for monotonicity will be satisfied at all interior points! Once
one allows for slight amounts of non-linearity in preferences over lotteries,
then the crossing conditions are not automatically satisfied, and monotonicity
once again becomes restrictive.

5 Refinements

Another avenue in the theory is implementation under various refinements of
Nash equilibrium.?? As we saw in the Nash implementation theorems, it is
easy to ensure that a given desired outcome is an equilibrium outcome while
it is difficult to rule out undesired equilibria. This is where the necessity of
the monotonicity condition arises and what limits our ability to implement.

31 Ordinality coupled with the monotone preference condition plays a similar role to
the linearity. If F(R) # F(R), then some agent’s preferences must differ over at least
two underlying alternatives in 4’. Then at any interior lottery there must be a crossing
of this agent’s indifference curves, as substituting a slight amount of one of these two
underlying alternatives for the other will be ranked in opposite ways by the two pref-
erences.

32 When I use the word refinements, I use it literally to mean a solution concept which
always selects a subset of Nash equilibria, such as undominated Nash equilibrium, sub-
game perfect equilibrium, coalition-proof Nash equilibrium, strong equilibrium, and
trembling hand perfect equilibrium. Implementation in other solution concepts that are
not refinements of Nash equilibrium, such as protective criterion or iterative elimina-
tion of weakly dominated strategies also appear in the literature (e.g., Barbera and
Dutta 1982 and Abreu and Matsushima 1994), but are not discussed here.
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Looking at refinements helps in ruling out undesired equilibria and leads to
more permissive results. However, with such additional power will come some
cautions about how the refinements are exploited.

Let us begin with a discussion of implementation in undominated Nash
equilibrium, as was first explored by Palfrey and Srivastava (1991). This is a
simple and natural refinement of Nash equilibrium, that adds to Nash equilib-
rium the requirement that no individual play a weakly dominated strategy.>?
This solution concept is also useful for illustrating the power of implementa-
tion via a refinement of Nash implementation, and some of the cautions that
go along with it.

Given a mechanism (M, g), an individual i, and a preference relation
for i, R;, a message m; € M; is weakly dominated by m; e M; at R; if
g(r?li,m,,-)R,-g(m,-, m,,-) for all m_; e M,l' and g(l’Tl,’, m,,-)P,-g(mi,m,,-) for some
m_;e M_;. A message m; € M; is undominated at R; if there is no other mes-
sage which weakly dominates it. Let

UD(M,g,R) = {m|m; is undominated at R; Vi}.

A profile of messages me M is an undominated Nash equilibrium of
(M,g) at Re Z? if me NE(M,g,R) nUD(M,g,R). So let UNE(M,g,R) =
NE(M,g,R) n UD(M,g,R).

The definition of undominated Nash implementation is then that F(R) =
Oune(M,g,R) for all R € 2.

In order to keep the discussion of undominated Nash implementation rel-
atively uncluttered, let us impose the following assumption on the domain of
preferences. A slightly weaker value distinction condition appears in Palfrey
and Srivastava (1991), and the reader is referred there for details. This condi-
tion allows us to provide a unified exposition of a number of results.

Strict value distinction. The domain 2 satisfies strict value distinction if for
every Re 2 and R e # with R # R:

(I) For all 7, there exists a € 4 and b € 4 such that aP;b,
(IT) For all i, if R # R; there exists ae A and b e A such that aP;b and
bl_’,-a.

(I) simply rules out complete indifference, and (II) says that if an in-
dividual’s preferences change, then they change in a non-trivial way so that
some alternatives switch ranking (rather than just becoming indifferent). So
(IT) simply requires that if preferences change then indifference curves cross
somewhere, which is a condition that is vacuously satisfied in most contexts
of interest. For instance, strict value distinction is satisfied on a domain of
strict preferences (linear orders), as well as any setting where preferences are

33 Such equilibria are a superset of trembling hand perfect equilibria (except for N = 2
where they coincide, see van Damme 1987), and thus have nice existence properties,
but also have the advantage of being easier to define and work with in such abstract
environments as those arising in the implementation literature.
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upper-semi continuous and locally non-satiated®* and so applies to almost
any setting of interest.

Theorem 4 (Palfrey and Srivastava 1991). If N > 3 and strict value distinction
is satisfied, then any social choice correspondence that satisfies no veto power is
implementable in undominated Nash equilibrium.

The contrast of this theorem with Theorem 2 is dramatic, as any social
choice correspondence in economic settings as well as most voting rules are
admitted. The refinement to undominated Nash equilibrium has thus made a
big difference in which social choice correspondence are implementable, com-
pletely eliminating the necessity of monotonicity. The main intuition is that
any switch in preferences (one is guaranteed to exist by value distinction) can
be used to change the set of strategies that are undominated from one state to
another. The central difficulty in Nash implementation that is handled by the
monotonicity condition is that there can be an alternative a that one wants to
be a Nash equilibrium outcome in one state but not in another state. So one
needs a preference reversal between ¢ and some other alternative b that can be
obtained through a deviation. When one considers undominated Nash im-
plementation, one instead needs a to be supported as an undominated Nash
equilibrium outcome in one state R but not in another R. Let m be an un-
dominated Nash equilibrium message profile at R of some mechanism. In
order to rule m out as an undominated Nash equilibrium at R, it must be that
either m is no longer a Nash equilibrium or some m’ is weakly dominated at
R’ (while it was undominated at R’). One can assure that m’ is weakly domi-
nated at R’ and not at R?, simply by taking advantage of any difference in the
preferences between R’ and R’. Of course, one has to be careful in working
out the details so that such differences are accounted for in each state while
still producing the desired undominated Nash equilibria in each state, which
results in a complex mechanism.

The idea that domination arguments can take advantage of relatively slight
differences in preferences,> can be pushed further. In fact an even more per-
missive theorem holds with a weaker solution concept. We can drop no veto
power, weaken the solution concept to undominated strategies, and include
the case of N = 2.

Theorem 5 (Jackson 1992). If strict value distinction is satisfied, then any social
choice correspondence is implementable in undominated strategies.

The proof of each of these theorems involves mechanisms that are quite
intricate. The underlying principles are similar to that of the mechanism used
to prove Theorem 2: if there is agreement in the announcements then the out-

34 See Jackson (1992) for a proof.

35 You may notice some analogies to way in which slight differences in preferences
over lotteries are expoited by virtual implementation. The same criticisms regarding
the ex-post rationality of enforcing the outcomes can be made, and I discuss this in
more detail below.
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come is implemented (as in (1) in the mechanism proving Theorem 2), there
is a possibility for some individuals to deviate and allow for some “test” pair
of alternatives which serve the role of changing which strategies are weakly
dominated, and there is some use of an integer game (as in (3)) to rule out
certain undesired configurations of strategies. However, the mechanisms are
more complex in terms of how and when the test pairs apply in order to take
advantage of weak dominance arguments. Rather than exhaust the reader with
the details of the mechanisms, I present a simple example that illustrates an
implementing mechanism for Theorem 5 in a specific case. The example is
also useful for another purpose: it points out a serious caveat that we should
have regarding implementing mechanisms.

Example 4 (Jackson 1992). Let N =2 and 4 = {a,b}. R; = R» is such that
aP;b, and R, is such that bP,a.

Consider F(Ry, R;) = {b} and F(R;, R,) = {a}. This is a peculiar social
choice correspondence as it goes exactly against the preferences of the agents.
But it is then convincing?® that if we can implement this social choice corre-
spondence then we can implement any social choice correspondence. The fol-
lowing mechanism does the trick.

2 2

3

m

®®®‘®§
(SRS S TN
SR
[SEER S S SN
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SR
(SN N N
SN N N
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(SN N N
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In this table, the - -- and : indicate a countable continuation of the series
of entries and corresponding strategies.®” Let us check that the mechanism
implements the stated social choice correspondence. First, 72 is undominated
for 2 since it is the only strategy that results in a against '. Second, any
strategy in the right half of the mechanism for individual 2 is dominated by
individual 2’s strategy 772. Next, /i? is dominated by 72>, Next, 71> is domi-

nated by the strategy immediately to its right; and so forth. This leaves m? as

36 The hard-to-convince reader is referred to Jackson (1992) for the proof of Theorem 5.
37 Each individual here has a message set that is divided into two sets that are both
countably infinite. So for instance, m?> gets b against every message in 1’s first set and a
against every message in 1’s second set.
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the only undominated strategy for individual 2. A similar analysis for player 1
leads to a unique undominated strategy of m! at R!, and of im' at R'. Thus,
the mechanism implements the stated F.

The elimination of dominated strategies is a questionable practice in the
above mechanism. For instance, in the sequence 7722, 12, . .., each strategy is
eliminated by the next, but there is no undominated or ‘best’ strategy in that
string. We end up predicting that individual 2 will not play any of these strat-
egies, but will play m? instead, even though it does worse in some situations
than any of the eliminated strategies.3®

As shown in Jackson (1992) this is not simply a problem when dealing with
implementation in undominated strategies, but also holds for undominated
Nash implementation. This example can be modified to have three individuals
and implement essentially the same social choice function in undominated Nash
equilibrium, via a mechanism with similar difficulties. Moreover, in each of the
examples the same is true of every implementing mechanism.

To address the questionable removal of dominated strategies in Example
4, we can rule out the use of such mechanisms by requiring that the imple-
menting mechanism be bounded. This requires that when a strategy is domi-
nated, it be dominated by some undominated strategy.3®

5.1 Bounded mechanisms

A mechanism (M,g) is bounded relative to 2 if for every i and Re P,
whenever m; € M; is dominated at R;, then it is dominated by some message
m; € M; that is undominated at R;.

This definition makes reference to the preference domain, and so bounded-
ness is a condition relative to an environment. A finite mechanism is bounded
regardless of the environment due to the transitivity of the domination relation.
However, an infinite mechanism’s boundedness property may depend on the
domain of preferences in question.

If we require implementation via a bounded mechanism, then Theorem 5
no longer holds and necessary conditions arise.

F is strategy-resistant if for all i, Re 2 and R; such that (R;,R_;) e ?
and for each b € F(R;, R_;), there exists a € F(R) (possibly a = b) such that
aRib.

38 As an aside, the use of the integer game in the mechanism used for Nash imple-
mentation (i.e., proving Theorem 2) may have bothered you. As no domination argu-
ments were used there, the issues are slightly different than that in Example 4. However,
the integer game used in proving Theorem 2 had a similar feature in that it could pro-
duce situations where agents have no best response (i.e., if they have beliefs that have
positive probability that some other individual will use any integer). I will return to
discuss this issue after discussing the domination issues.

39 An alternative approach, would be to modify the concept of domination so that
weakly dominated strategies are eliminated only if they are dominated by some un-
dominated strategy. (Timothy Van Zandt suggested this alternative approach in a dis-
cussion of Jackson 1992). As is easily seen from the proof of Theorem 6, the same
restrictions on implementation ensue with either approach.
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This condition has a flavor of strategy-proofness, but is defined for cor-
respondences. If we think of i at R, considering a manipulation by acting in
accordance with R;, we find that for whatever outcome i may hope for, b €
F(R;, R_;), there is some outcome a € F(R) which is at least as good as b. This
condition is very strong: it reduces to strategy-proofness when F'is a function.

The following theorem illustrates the impact of requiring boundedness in
implementation via undominated strategies.

Theorem 6 (Jackson 1992). If a social choice correspondence is implementable
in undominated strategies via a bounded mechanism, then it is strategy-resistant.

The proof of this theorem is quite easy. Let F be implemented in un-
dominated strategies via the bounded mechanism (M, g). Consider i, R € 2
and R; such that (R;, R_;) € # and consider any b € F(R;, R_;). Since F is
implemented, there exists m € UD(M, g, R;, R_;) such that g(m) = b. Either
b € F(R), in which case let ¢ = b, or it must be that /7; is dominated by some
m; that is undominated at R;. Let a = g(r1;,m_;). Since (1, m_;) is undomi-
nated at R, it follows that a € F(R), and from the definition of domination, it
follows that that aR;b.

Thus, we end up with a stark contrast between what is implementable in
undominated strategies when we can use any mechanism and when we can
only use bounded mechanisms. This suggests it is very important to under-
stand the restrictions imposed by considering only mechanisms for which a
given solution concept is appropriate.

Boundedness ends up restricting the class of social choice correspon-
dences that are implementable in undominated Nash equilibrium as well. That
is studied in Jackson et al. (1994). It turns out to introduce a necessary con-
dition (the chained condition) that is weaker than monotonicity and strategy-
resistance, but nonetheless rules out some well-known correspondences. The
reader is referred to that paper for details.

While boundedness is a condition that is natural to require when we ex-
amine elimination of dominated strategies, or solution concepts like un-
dominated Nash equilibrium or iterative elimination of weakly dominated
strategies, it is not an obvious condition to require when considering Nash
equilibrium, or subgame perfect equilibrium, where the elimination of dom-
inated strategies is never an issue. However, there are conditions that one
might like to impose on mechanisms so that such solution concepts are rea-
sonable.

5.2 Mixed strategies

The definition of Nash equilibrium that we worked with in proving Theorem 2,
does not consider mixed strategies. Even giving a proper definition of mixed
strategy equilibrium requires additional structure as preferences have to be de-
fined over lotteries on alternatives, and since message spaces may be uncount-
ably infinite one has to take care. Without tackling these technical issues, let us
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consider an example that shows that worrying about the possibility of mixed-
strategy equilibria makes a difference.

What we can show is that if one Nash implements a social choice corre-
spondence by a finite mechanism, then there may still exist mixed strategy
Nash equilibria that result in outcomes outside of the social choice corre-
spondence and which may be preferable from the individuals’ perspective.

Example 5 (Jackson 1992). Let N =2 and 4 = {a,b,c,d}. Preferences are
described by aP'bP'cl'd (where I' indicates indifference), aP>bP*cP?d and
bP?aP?cI?d.
Consider F such that F(R;,R;) = {a} and F(R;,R,) = {d}. F is Nash
implemented by the following mechanism.
S R

m
m' d c c
b

m' d a
m' d b a

Note however, that at (R!, R?) for most definitions of preferences over
lotteries, there also exists a mixed strategy equilibrium that results in ¢ and b
with positive probability. This is true for every finite implementing mechanism.

Claim 1. Suppose that players’ preferences over lotteries on A are continuous,
convex, and monotone. Any mechanism with a finite number of strategies for
each player has a Nash equilibrium in mixed strategies at R', R? resulting in
outcomes a or b with positive probability, and which strictly Pareto dominates
the outcome d.

The proof of the claim is simple. Suppose that a mechanism (M, g) Nash
implements F. Consider M’ = M’ such that /i’ € M’ implies that there exists
i~ such that g(m) € {a,b}. Thus, M’ is found by eliminating strategies that
can only ever lead to ¢ or d. Since F is implemented, there must be some
strategy profile 7.2 such that g(7i) = a, and so M is non-empty. Given the as-
sumptions on preferences and the finiteness of the mechanism, there exists a
Nash equilibrium in mixed strategies to (M, g) at R', R?. Given the definition
of M and the fact that preferences on lotteries are monotone, it follows that
this equilibrium must put positive probability on at least one of the outcomes
a and b, as these are reachable by some strategy of 1 given any (mixed) strat-
egy of 2, and are preferred by 1 to ¢ and d over which 1 is indifferent. Note
that 72 is then also a Nash equilibrium of (M,g) at R', R? since strategies
in M\ M' only lead to ¢ or d and cannot provide improving deviations. This
establishes the claim.

The above claim shows that the standard definition of Nash implementa-
tion that only considers pure strategies can be a problematic one. Let me make
two remarks about the above example.

First, the social choice correspondence that is being implemented is a bit
strange in that we are trying to implement 4 when it is a least preferred out-
come for both of the individuals. However, this might be quite natural in the
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context of a problem such as a principal/multiple-agent problem, where
the two individuals above represent the agents, the principal designs the
mechanism and prefers that the agents take actions leading to outcome «a in
the first state and d in the second state.

Second, the finiteness of the mechanism is critical to the result. If we
allowed for infinite mechanisms, then we could ensure that there are no mixed
strategy equilibria, by employing an integer game.*® Maskin (1999) shows
that one can design a mechanism for Nash implementation that has no mixed
strategy equilibria (see the Appendix of his article); but his mechanism in-
volves an integer game and thus an infinite message space. Example 5 shows
that there are correspondences in finite settings that are Nash implementable
when one only considers pure strategies, but not Nash implementable (except
by infinite mechanisms) when one allows for mixed strategies.

For Example 5 it is natural to require finite mechanisms as the setting is
completely finite. However, many settings of interest are naturally infinite and
so requiring implementation in finite mechanisms might not always make sense.
So one might ask, “What is the correct restriction on mechanisms is for Nash
implementation if one accounts for mixed strategies?”’ It should be a condi-
tion that naturally rules out improper use of integer games, without unduly re-
stricting the message space or outcome function when infinite spaces might be
appropriate.

The bothersome aspect about integer games is that they are appended
to mechanisms precisely because there is no Nash equilibrium to them, even
though players could very well try to announce higher integers than others in
the hopes that they will get their most-preferred alternative. We have no pre-
diction for how a player will act if he or she believed that the other players
would be announcing integers. A player’s best response correspondence is not
well-defined when that player faces a mixed strategy of the others that places
weight on an infinite set of integers. So, one way to rule this out is to look only
at mechanisms for which best response correspondences are well-defined.
Jackson et al. (1994) suggest such a requirement, calling it the “best response
property.” The best response property is satisfied by any finite mechanism
and also by many infinite mechanisms. Nevertheless, it is a strong condition
and rules out some mechanisms that are well-behaved in the way that they
either admit or rule out mixed strategy equilibria.

The same point regarding mixed strategies in this example that was made
in Claim 1 above, can be made with regard to subgame perfect implementa-
tion.*!

40 We saw such a construction in the mechanism used to prove Theorem 2. Under (3),
the outcome was that announced by the agent who named the highest integer. Clearly
as long as there is some disagreement over most preferred outcomes, then there is no
equilibrium in (pure or) mixed strategies to the integer game.

41 Moore and Repullo (1988) provide a mechanism for subgame perfect implementa-
tion that has no mixed strategy equilibria. However their mechanism also employs an
integer game and fails the best response property.
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Claim 2. Suppose that players’ preferences over lotteries on A are continuous,
convex, and monotone. Any extensive form mechanism** that has a finite
number of terminal nodes and that implements F, has a subgame perfect equi-
librium in mixed strategies at R', R* which results in outcomes a or b with pos-
itive probability and which strictly Pareto dominates the outcome d.

The proof of Claim 2 is similar to that of Claim 1. We first need to trim the
tree to obtain a game form like (M ,g) in the previous proof. In the extensive
form this is a bit trickier, but the finiteness allows us to do this inductively.
Start with information sets that only precede terminal nodes, and eliminate
actions that only lead to ¢ or d at those information sets. If all actions are
eliminated, then replace the information set with terminal nodes that lead
to d. Next, proceed to information sets that lead to either terminal nodes or
information sets considered in the first step, and perform the same trimming.
Proceed inductively until the root is reached. Find a subgame perfect equi-
librium of the remaining extensive form. It must lead to a or b with positive
probability. Then construct a subgame perfect equilibrium of the original
game form leading to the same outcomes, by picking any action at informa-
tion sets that were completely eliminated in the trimming procedure. This then
establishes the claim.

The difficulties with mixed strategies pointed out in the claims above,
can be attacked from different directions. One approach to handling this
problem is to examine virtual implementation to see whether the difficulties
can be avoided there. Abreu and Matsushima (1992a) have analyzed virtual
implementation via the iterative elimination of strictly dominated strategies.
Since the set of Nash equilibria (pure or mixed) has support in the set of
strategies that survives the iterative elimination of strictly dominated strat-
egies, if one obtains a unique profile of actions via the iterative elimination of
strictly dominated strategies, then there must be a unique Nash equilibrium
(even considering mixed strategies). Abreu and Matsushima show that with
three or more individuals, any social choice function is virtually implement-
able in iteratively undominated strategies by a finite mechanism. Their con-
struction of an implementing mechanism is very clever and quite intuitive. I
refer the reader to their paper for details. While they obtain a powerful re-
sult handling mixed strategies, it comes at the expense of the strength of the
assumptions in the virtual implementation setting (as discussed above).*?

6 Specific environments

Another approach to accounting for mixed strategies, and also to providing
implementation by mechanisms that are bounded/and or simple and natural

42 The definition of extensive form mechanism is the same as that of an extensive
form game, except that there is an outcome associated with each terminal node rather
than a payoff. As the definition is standard, available in most any game theory text,
and notationally cumbersome, I omit it here.

43 Glazer and Rosenthal (1992) criticize the Abreu and Matsushima mechanisms on
complexity grounds and Abreu and Matsushima (1992c) offer a reply.
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in other ways, is to examine implementation in specific environments. Part
of the reason that the mechanisms used in the sufficiency theorems are so
abstract and complicated is that they implement a given social choice cor-
respondence without using any detailed information about the specific re-
strictions on preferences that may be satisfied in an environment. If we take
advantage of knowledge about the structure of the environment, the imple-
mentation problem can be simplified.

One important class of environments to be considered is that of economic
environments where there is a private good. In such environments there is a
disagreement between agents’ preferences that allows a mechanism to play
agents against each other — each agent prefers to have more of the private
good. Also, there is some possibility of imposing ““fines” or punishments that
are agent specific. Let us examine two results on implementation in such set-
tings that employ simple and intuitive mechanisms that are bounded and
handle mixed strategies. The first such result applies to undominated Nash
implementation and environments that are called separable.

6.1 Separable environments

(1) there exists w € A such that aPw for all i, R € #, and a € F(R),

(2) forany a € A, J = N, and R € 2, there exists a’ such that a’I'w for any
ieJand a’I'afori¢J,

(3) R’ # R' implies that there exist @ and b such that aP'bP'w and bP'aP'w.

(1) is a requirement that there is an outcome that each agent considers to
be worse than any alternative in the range of the social choice correspondence.
(This means that the definition of a separable environment is relative to a
given social choice correspondence.) For instance, in an exchange economy
this would be satisfied by setting w to be the 0 allocation, provided the social
choice correspondence leaves each agent with some minimal consumption in
every state. (2) is the requirement that captures the separable nature of the
environment. It states that it is possible to reduce the allocations of some set
of individuals J while not affecting the remaining individuals. This is satisfied
in exchange economies that satisfy free disposal, as well as other settings such
as those with public goods and/or externalities provided there is at least one
disposable private good that agents value sufficiently. (3) is a version of strict
value distinction again, with the additional requirement that the test pair of
alternatives (¢ and b) be preferred to the bad outcome. Again, it is satisfied
in many economic settings.

Theorem 7 (Jackson et al. 1994; Sjostrom 1994*%). If the environment is
separable relative to a social choice function F, then F is implementable in
undominated Nash equilibrium by a bounded mechanism that has no mixed
strategy equilibria.

44 The definition of separable environments is from Jackson et al. (1994). Although
Sjostrom’s (1994) setting is slightly different, the intuition behind his mechanism is
identical.
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Theorem 7 is proven using the following mechanism.

Each individual i announces either a pair of preference relations m’ =
(R, R™1) (interpreted as being an announcement i and i + 1’s preferences re-
spectively, letting N + 1 = 1), or a pair of alternatives m’ = (a,b). There are
three cases to consider.

(I) All individuals announce pairs of preferences. In this case, let J be the set

of i such that m} = m{*!. This is the set of i whose announcement about
i + 1 matched what i + 1 announced about him or herself. The outcome
is then [F(my)]¥\ 45

(II) Some i announces m' = (R, R™*!) and all other j # i announce m/ =
(a,b) such that aR'w and hR'w (with all j # i announcing the same
(a,b)). Then g(m) = "M% if aR'b and g(m) = b¥\} otherwise (where
a™\{t and bV are as defined in (2) of separable environments).

(III) For any other configuration of messages g(im) = w.

Since an individual’s announcement about his or her preferences can
only affect his or her allocation in (II), it is clear that the only undominated
announcement of preferences is to announce one’s own preference truthfully.
Also, since by announcing a pair of alternatives one always obtains an alter-
native equivalent to w, any announcement of a pair of alternatives is domi-
nated by a truthful announcement of preferences. Finally, given that all in-
dividuals should be announcing pairs of preferences, and announcing their
own truthfully, it then follows from (I) that each individual should announce
their neighbor’s preference truthfully. This is the unique undominated Nash
equilibrium. The mechanism is bounded because the dominated actions were
dominated by undominated actions.

Thus, in this separable class of environments we can obtain a strong im-
plementation result with a relatively simple bounded mechanism. Before dis-
cussing some of the shortcomings of the mechanism above, let me discuss a
closely related setting and mechanism for implementation in subgame perfect
equilibrium.

A special case of separable environments is that of quasi-linear preferences.
That setting allows for a simple, clean, and intuitive implementation in sub-
game perfect equilibrium.

Let us say that an environment has quasi-linear preferences that are repre-
sentable by bounded utility functions if there exists A’ such that

(1) A= {(a,t',...,t") e A xRV | 3, <0}, and
(2) each R’ is represented by a utility function u’: A’ — [0,1] such that
(a,t', ..., tN) RO (b,1Y, ..., 7V) if and only if u'(a) + ¢/ > u'(b) + 7.

Condition (1) says that allocations can be written as a product space of
some primitive allocations as well as a vector of private transfers. Note that

45 So this is the outcome where individuals in J get F evaluated at the R corresponding
to that in the second entry of each agent’s message (what they announced about their
neighbor), and individuals outside of J get an outcome equivalent to the bad outcome w.
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the transfers are freely disposable since >, ¢’ < 0. Condition (2) states that
preferences are representable by a bounded quasi-linear utility function.

Let us consider social choice functions for which F(R) = (4,0,...,0)
for every Re 2. This is almost without loss of generality, since 4’ is ar-
bitrary and if one wishes to specify transfers that do not sum to 0, for in-
stance specifying the sharing of the cost of a public good as a function of R,
then this can be included in the specification of 4’ and the ¢”’s can be thought
of as additional transfers. The only loss of generality comes from condition
(2) above, which implies that any transfers included in 4’ must be bounded
in size. This bound is needed for the implementing mechanism below to
function.

Theorem 8 (Moore and Repullo 1988). Consider an environment with a finite
number of states, quasi-linear preferences represented by utility functions that
are bounded, and N = 2. Any social choice function is implementable in sub-
game perfect equilibrium by an extensive game form of perfect information of
finite length that has no mixed strategy equilibria.

Although the theorem is stated for N = 2, the mechanism below can be
extended to N > 2 (see Moore and Repullo 1988 and Moore 1992 for details).

Theorem 8 is established through the mechanism pictured below. To un-
derstand the mechanism we note two points. First, the reader can easily check
that for any quasi-linear utility functions on A4’, u’ and v’ that represent dif-
ferent preferences on A, we can find (a, ¢') and (b,7") with 0 > ¢ and 0 > 7'
such that

u'(a) +t' >u'(b) + 1" while v'(a)+1" <v'(b)+1'.

Thus, in the challenge phase of the mechanism pictured below, if agent i has
announced v’ and is challenged by the other agent who counters with u/, then
such a pair is invoked. Second, we can rewrite the social choice function to be
a map from profiles of bounded utility functions on A’ into allocations. So,
the implemented social choice function can be written to depend directly on
the announcements of u! and .

The intuition behind the mechanism is straightforward. Suppose that the
true profile of preferences corresponds to (u',u?). If 1 announces a false pref-
erence v! instead of u', then individual 2 can challenge 1 and say u'. If 1 is
challenged then 1 will end up paying a large fine no matter what occurs in the
sequel. 1 is then offered a choice between the (a, ) and (b, %) that distinguish
u' and v'. 1 will choose honestly, as this is the end of the tree and 1 pays a fine
regardless of the choice. If 1 chooses (a, ¢%) then this indicates that 1 was not
truthful in the first stage, and so 2 is rewarded by receiving the fine that 1 pays.
If 1 chooses (b,7%) then this indicates that 2 was not truthful (either in chal-
lenging or in 2’s announcement of u!) and then 2 also pays a fine. This fine is
sufficiently large (outweighing any implemented allocation) that 2 would like
to challenge 1 if 1 lies, and not otherwise. The same reasoning applies to the
other section of the tree and so the unique subgame perfect equilibrium out-
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Fig. 6.

come is for both individuals to announce utility functions that represent their
true preferences and the correct outcome is implemented.*®

While the results in this section have very optimistic implications, they
come at the expense of strong restrictions. Most importantly, one of the criti-
cisms made of virtual implementation — that it may not be credible to believe
that bad outcomes will stand — is also particularly important here. In both of

46 The finiteness of the state space is important in guaranteeing existence of equilib-
rium, as it ensures that there exists a well-defined best response of the ‘“‘challenging”
agent in the challenging subgames.
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the mechanisms above there is some “bad” outcome (w in the undominated
Nash implementation and a fine large enough to outweigh all other consid-
erations in the subgame perfect implementation) and the mechanisms need to
commit to these bad outcomes in order to sustain the implementation. There
are papers that address this shortcoming, which I discuss below.

Finally, while the mechanisms above are relatively simple and intuitive,
bounded, and avoid mixed strategy equilibria; the mechanisms are still cum-
bersome in the sense that they require announcements of preferences (or utility
functions). Thus, although they are well-behaved in a theoretical sense they
are still far from “natural” in the sense that they could be easily used in prac-
tice. So, although they are useful in delineating the boundary of what can be
implemented, we should want to push further to require implementation by a
mechanism with a simple or natural message space.*” By adding even more
structure to the problem, one can obtain natural mechanisms with simple
action spaces. The tractability of specific environments for obtaining intui-
tive simple mechanisms for implementation has been taken advantage of in
allotment, bargaining, voting, principal-agent, and public goods environments
in a series of papers.*® The implementing mechanisms that are obtained
often have auction and voting like features that make them very simple and
natural.

One specific environment that has received a great deal of attention in the
implementation literature is that of the exchange of private goods, and the
implementability of the constrained Walrasian correspondence.*® Within this
context one can examine implementation with respect to certain message
spaces. Can the constrained Walrasian correspondence be implemented by
mechanisms that only involve announcements of prices and quantities or
announcements of prices and allocations? These questions and others are
addressed in recent papers by Saijo, Tatamitani and Yamato (1996), Dutta et
al. (1995), and Sjostrom (1995b), which map out exactly what sorts of message
spaces are needed for Nash implementation of the Walrasian correspondence.

47 One approach to addressing the complexity of announcements of the mechanism
is to examine the dimensionality of the message spaces and look for mechanisms
with minimal sized message spaces and to establish lower bounds on what is neces-
sary for implementation in various environments. For explicit discussion of the size
and complexity of mechanisms for decentralization see the seminal paper of Mount
and Reiter (1974). Papers focusing on this issue in implementation (when incentives
are also an issue) include Reichelstein and Reiter (1988), Saijo (1988), and Hong and
Page (1994).

48 See, for example, Glazer and Ma (1989), Jackson and Moulin (1992), Rubinstein
and Wolinsky (1992), Dutta and Sen (1993), Glover (1993), Thomson (1994), Bag
(1996, 1997), Jackson and Palfrey (2001), and Brusco and Jackson (1999).

49 The large literature on this subject begins with Hurwicz (1972), and includes papers
that provide increasingly well-behaved mechanisms worrying about auxiliary proper-
ties of the mechanism like continuity of the outcome function, individual rationality,
and balance out of equilibrium. See for example, Schmeidler (1980), Hurwicz et al.
(1995), Wettstein (1992), Nakamura (1990), and Hurwicz (1996).
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7 Other topics and open questions

While the discussion of implementation theory above exposes the reader to
some of the results, techniques, and themes in the literature, there is a sub-
stantial portion of the literature that I have not discussed. In this section I
briefly discuss some of the issues that are addressed in the rest of the literature
as well as some interesting open problems.

7.1 Implementation under incomplete information

There is an extensive literature on implementation when individuals hold pri-
vate information. Nash implementation has a natural analog in such settings
which is referred to as Bayesian implementation.>°

When individuals may hold private information (that is not known col-
lectively to the other individuals in the society), an incentive compatibility con-
dition becomes necessary. In a complete information setting if I ask agents to
tell me the state and the announcements do not all agree, then I can be sure that
someone is lying. In an incomplete information setting, where only one person
knows the state, there is no way to check whether that person is lying and so it
must be in their interest to announce the state in a direct revelation mechanism.
This discussion is in terms of direct revelation mechanisms, but it implies that
an incentive compatibility condition is necessary in incomplete information
settings that is not necessary (or alternatively is vacuously satisfied) in com-
plete information worlds. As we know from the mechanism design literature,
incentive compatibility conditions can turn out to be quite restrictive, render-
ing many efficient and desirable social choice functions non-implementable.>?

Once one adds incentive compatibility as a necessary condition, we can use
our understanding of implementation in complete information settings to make
significant progress on implementation in incomplete information settings. For
instance, the reasoning behind the necessity of monotonicity for Nash imple-
mentation extends to provide an analogous necessary condition for Bayesian
implementation that has been called Bayesian monotonicity in the literature
(e.g., see Postlewaite and Schmeidler 1986, Palfrey and Srivastava 1989a, and
Jackson 1991°2). Although the Bayesian monotonicity condition is more
complex, the intuition underlying it is similar to that behind monotonicity.

While the necessity of an incentive compatibility and a Bayesian monot-
onicity condition would be expected®?, the Bayesian setting also introduces

30 Bayesian implementation may be seen as a generalization of Nash implementation,
as it reduces to Nash implementation in situations where agents are symmetrically in-
formed.

31 See Palfrey and Srivastava (1987) and (1993) for a number of examples in the con-
text of Bayesian implementation.

52 How one defines the setting and the Bayesian monotonicity condition is important
for identifying a condition which is both necessary and sufficient for implementation.
See Jackson (1991) for a discussion of this point.

>3 A closure condition which links play of different equilibrium strategies across the
common knowledge partition is also necessary, and quite intuitive.
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new considerations that render the task of finding sufficient conditions sig-
nificantly more complex than in the complete information setting. For in-
stance, one cannot state a direct analog of Theorem 2 in a Bayesian environ-
ment. In particular, a no-veto style condition and Bayesian monotonicity need
to be carefully intertwined respecting the information structure, as discussed
in Jackson (1991).5* There are other interesting differences that arise in a
Bayesian setting: Dutta and Sen (1994) demonstrate a simple social choice
function in a finite setting that requires a mechanism with infinite message
spaces for implementation.

While progress has been made in understanding the conditions that
characterize Bayesian implementation, the full implications of the Bayesian
monotonicity condition and the extent to which it may be satisfied are still less
well understood. Palfrey and Srivastava (1987, 1993) make significant head-
way in showing that many analyses in mechanism design and agency theory
that use incentive compatibility and invoke the revelation principle suffer from
multiple equilibrium problems and the identified social choice functions fail
to satisfy Bayesian monotonicity condition. They also show that in environ-
ments with transferable utility the conditions for Bayesian implementation
are more easily satisfied.>> A recent paper by Serrano and Vohra (1999) sheds
more light on the restrictiveness of Bayesian implementation by showing that
Bayesian monotonicity is essentially an ordinal condition, and so implemented
social choice correspondences must be constant across different cardinal rep-
resentations of underlying ordinal preferences. What is left open is a detailed
understanding of what can be implemented in non-transferable utility settings
when we worry not only about incentive compatibility, but also about full
implementation and thus the multiple equilibrium problem and Bayesian
monotonicity.

While Nash implementation has an obvious generalization to environ-
ments with incomplete information,>® subgame perfect implementation does
not have a unique generalization, but instead several. This is due to the va-
riety of alternative formulations of sequential rationality under incomplete
information. In particular, varying assumptions about how individuals up-
date beliefs off the equilibrium path results in alternative solution concepts to
be used in implementation. The two incomplete information extensive form
notions of implementation that have been analyzed are perfect Bayesian
implementation (Brusco 1995, 1997, 1998) and implementation via sequential
equilibrium (Baliga 1999 and Bergin and Sen 1998). The interesting new as-
pect that arises in these settings is that preference reversals can arise not only

>4 See Dutta and Sen (1991c¢) for more on the necessary and sufficient conditions for
Bayesian implementation.

35 See also Matsushima (1993).

56 Other natural extensions of complete information implementation to incomplete
information settings have been analyzed as well, such as implementation in undomi-
nated Bayesian equilibrium (Palfrey and Srivastava 1989), virtual Bayesian implemen-
tation (Duggan 1997a), and virtual implementation in iteratively undominated strat-
egies with incomplete information (Abreu and Matsushima 1992).
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because of differences in the primitive underlying preferences, but also from
the way in which information is revealed in equilibrium through the extensive
form. This is the focus of the work of Bergin and Sen (1998). While various
conditions for implementation have been identified, the role of information
revelation through an extensive form is not yet fully understood.>’

7.2 Ex post individual rationality, renegotiation, and credibility

At several points I have mentioned that various forms of implementation rely
on the belief that the outcomes of the mechanism will be enforced, even if they
are “bad” from society’s point of view ex-post. This can be problematic, to
the extent that the positive results depend on such outcomes being used by
the mechanism and such beliefs holding.*® If, for example, a mechanism is
constructed to assist bargainers in reaching an efficient agreement, then it is
questionable to assume that highly inefficient outcomes will be allowed to
stand off (or on) the equilibrium path.

There are several papers that consider implementation in the face of
individual rationality and/or renegotiation on and off the equilibrium path.
Ma et al. (1988) were the first to point out the importance of imposing an in-
dividual rationality constraint both in and out of equilibrium. They examined
a principal-agent model where the usual individual rationality constraint
(imposed only on the equilibrium path) was replaced by an “opt-out,” where
each player had the ability to decline the outcome of the mechanism and ac-
cept a status-quo outcome instead. Maskin and Moore (1999) examined a
more general implementation problem, and changed the opting out to a pos-
sibility of renegotiation. This takes the point of view that instead of settling
for some outside option or status-quo, the individuals involved are likely to
renegotiate to some efficient outcome. Maskin and Moore considered imple-
mentation where any outcome of a mechanism that suggests a Pareto domi-
nated allocation is replaced by a Pareto efficient allocation according to an
exogenous renegotiation function.’® Given any such renegotiation function,
Maskin and Moore obtain characterizations of Nash and subgame perfect
implementation that have intuitive relationships to the standard character-
izations. Although these two papers provide insight into ex-post individual
rationality and renegotiation, much depends on the exogenous specification
of the outside options or renegotiation function.

One would like to model the process that occurs when players opt-out,
rather than take as given a status quo or renegotiation function. Jackson and
Palfrey (1998) push in this direction, in the context of a dynamic bargain-

37 For instance, see Brusco (1998) for a puzzle on the necessity of multi-stage mecha-
nisms.

8 See Hurwicz (1994) for a discussion of some other, related issues related to enfor-
ceability in mechanism design.

39 See Rubinstein and Wolinsky (1992) for a different approach. Their notion of
“renegotiation-proof” implementation requires that the possibility for renegotiation
never arise on or off the equilibrium path.
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ing and matching model,®® by having a player be rematched with a new bar-
gaining partner whenever he or she opts-out of a prescribed alternative. They
show that although such an endogenous individual rationality constraint is
compatible with efficiency within individual matches, it can be incompatible
with efficiency from society’s point of view accounting for the overall evolution
of the market which requires specific exercise of the rematching option. In other
words, it can be impossible to implement the efficient rule in such a setting.

The above approaches are based on the idea that the individuals themselves
are not bound to the mechanism, but have the ability to opt out of the prescribed
outcome either to some status quo, renegotiated outcome, or replay of the
mechanism. There might be other contexts where such an opt-out can be pre-
vented and the outcome can be made legally binding. Nevertheless, one still has
to worry about whether the planner (or society at large) will let inefficient out-
comes stand ex-post. Studies which address such “credibility”’, or the ability of
the mechanism designer or planner to commit to off-equilibrium-path outcomes
that are known to be undesirable, include Chakravorti et al. (1992), Baliga et al.
(1995) and Baliga and Sjostrom (1995). These studies include the planner as a
player in the mechanism,®! in which case one can explicitly account for the
planner’s preferences and behavior with regards to enforcing an outcome.

In all of the above work there are two forces at work. On the one hand,
allowing for movement away from ex-post undesirable outcomes can be im-
proving just by itself since truly undesirable outcomes are eliminated auto-
matically. On the other hand, this limits out of equilibrium threats that (as
we saw in the last section) can play a strong role in selecting which outcomes
are implemented. Thus, although allowing for players or the planner to alter
outcomes builds in some minimal individual rationality or efficiency, it can
come at the expense of selectivity of the mechanism. While the above cited
work makes progress in understanding enforceability and credibility issues, a
complete understanding of these issues requires full modeling (endogeneity)
of the process that occurs when an outcome is opted away from by the players
or the planner. Often this process may be situation specific, and so it should
be worthwhile to analyze this issue in a variety of specific environments, which
is something this branch of the literature is just beginning to do.

7.3 Mixed strategies

We do not yet have a good understanding of what is Nash or subgame per-
fect implementable when one accounts for mixed strategies, by mechanisms
satisfying, for instance, the best response property.®? I discussed one approach

60" See Jackson and Palfrey (2001) for a unified approach to dealing with renegotiation,
outside options, and replay of the mechanism, in more abstract settings, with some
applications to exchange economies.

1 Including the planner as a player has an interesting theoretical byproduct: the
planner is part of the equilibrium and can thus rule out undesired equilibria unilaterally.
62 As mentioned in the discussion following Example 5, there are mechanisms that
have no mixed strategy equilibria; but those mechanisms involve integer games and fail
to have well-defined best response correspondences.
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to addressing this problem which is to analyze specific environments where the
additional structure can lead to simple implementing mechanisms that avoid
mixed strategy equilibria and other difficulties altogether. Such an approach
has been very successful leading to some of the most natural mechanisms for
implementation to date. So it seems fruitful to simply break the implementa-
tion analysis into many subproblems by analyzing specific settings and devel-
oping a catalog of what is implementable setting by setting. However, a case
can still be made for attacking the problem head-on in the general setting. The
reason for complementing the setting-specific analyses with a general analysis
is that it would generate insight to the additional necessary (and sufficient)
conditions that come with the consideration of mixed strategies. Given how
tailored the analyses are in specific environments, it is not clear that such an
understanding will be obtained by piecing together a catalog of results.

A number of possible head-on approaches suggest themselves, even simply
with respect to Nash implementation. One might ask what can be (exactly)
Nash implemented in finite environments by a finite mechanism that has no
mixed strategies.®® Alternatively, one could allow for mixed strategies and
consider implementing social choice correspondences that map into lotteries
and ask what is implementable.

7.4 Robustness of mechanisms

In order to push the theory towards applied use, one has to worry about how
sensitive a mechanism is to such obvious things as misspecification of the en-
vironment or ‘irrational’ behavior by the players.

Some work has been done on implementation allowing for variations in
the behavior of the individuals. Some of the first work in this direction was on
the implementation of the Walrasian correspondence by mechanisms with a
continuous outcome function (e.g., see Postlewaite and Wettstein 1989). Re-
quiring continuity of a mechanism results in an outcome close to the desired
one if some players deviate slightly from equilibrium strategies. More recent
attention to robustness with respect to behavior appears in studies of double
implementation (e.g., see Yamato 1993, 1994a,b). Double implementation
requires implementation in more than one solution concept by the same mech-
anism. When allowing for combinations such as Nash and strong equilibrium,
potentially unforeseen coalitional deviations are accounted for in implementa-
tion. One can also ask for robustness with regards to behavior that is com-
pletely unpredictable by some of the players. A new paper by Eliaz (1999)
examines this sort of problem asking that a mechanism rely only on a major-
ity of the individuals (not knowing ex-ante which majority it will be), and us-
ing a solution concept that requires behavior of the players to be immune to
arbitrary behavior by some subsets of other players.

63 Again, Abreu and Matsushima (1992a) provide a good deal of insight into this
question for virtual implementation. The reason for considering the exact setting would
be to loosen assumptions on preferences and sensitivity to small probability events
under the lotteries.
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While the work described above has examined robustness with regards to
certain aspects of the behavior of players, there is almost no study of mecha-
nisms that are immune to misspecifications of the environment. The only
study in this direction that I am aware off is by Duggan and Roberts (1998),
who study how continuity of a mechanism can result in robustness with re-
spect to small errors in specification, due to corresponding upper-hemi conti-
nuity of equilibrium correspondences.®* This suggests that an intuitive notion
of requiring some continuity of a mechanism in order to guarantee some
minimal robustness is well founded. Short of this, we are lacking even a basic
understanding of the exact limitations that are imposed by requiring imple-
mentation by mechanisms that are robust to misspecifications of the domain
of preferences, beliefs, allocations, or even the number or role of various
individuals in a society.

7.5 Comparisons across solution concepts

As we have developed a deeper understanding of what is implementable in a
variety of contexts and solution concepts, it has become clear that the choice
of solution concept used to model behavior has an important bearing on what
is implementable. The class of social choice correspondences that are imple-
mentable in undominated Nash or subgame perfect equilibrium is significantly
larger than the class of Nash implementable social choice correspondences.
What is it about solution concepts (or assumptions on individual behavior)
that accounts for this difference? Jackson and Srivastava (1996) examine this
issue in the context of a voting setting with a finite number of strictly ranked
alternatives. They point to differences in consideration of off-equilibrium path
behavior as the critical factor the affects how much is implementable via dif-
ferent solution concepts.®> While this works out cleanly in a voting context, it
is still unknown if the same is true more generally or even in other specific
contexts like exchange economies.

Tracing the characterizations of implementability back to assumptions
concerning individual behavior should be quite important. As modelers, we
often consider a solution concept as an object of choice; but ultimately it boils
down to understanding how people behave in a given context. If we under-
stand how variations in behavior tie back to implementability, then we will
eventually be well-equipped to make prescriptions in various contexts. We are
still short of such an understanding.

7.6 Repeated and dynamic implementation

Perhaps one of the most interesting and relevant, and still least studied, ques-
tions in implementation theory is that of implementation in dynamic and re-

64 This holds provided one worries about mixed strategies, which Duggan and Roberts
point to as another reason for accounting for mixed strategies in implementation.

65 New work by Kaya and Koray (2000) provides interesting characterizations based
on identifying solutions that only implement monotonic social choice functions on a
given class of mechanisms.
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peated contexts. We know from results on folk theorems, reputation, and
learning (as well as various experimental and applied studies), that behavior in
repeated games can differ in important ways from behavior in one-shot games.
As most applications of implementation are repeated ones, ranging from the
design of voting procedure to markets, it is very important that we understand
how mechanisms perform when used repeatedly by the same society. Work by
Kalai and Ledyard (1998) is the only that I am aware of that takes this re-
peated perspective. They draw on intuition from the reputation and learning
literatures to note that if a mechanism designer is more patient than the un-
derlying population, then the society’s characteristics can be teased out and
learned over time. Thus in the long run, a planner can avoid even incentive
compatibility requirements in a Bayesian setting.

There are also interesting contexts where a mechanism is not binding and
so may be used an arbitrary number of times until an agreement is reached.
This is the case in many negotiation and market settings, where a mechanism
outlines potential transactions but a transaction is concluded only when all
parties sign a binding agreement. This leads to a notion of implementation
that is dynamic in nature, but quite different from repeated implementation as
an outcome is only reached at one date which is endogenously determined.
Such implementation is studied in Jackson and Palfrey (2001), where a notion
of stationary implementation is examined that is roughly implementation in
Markov perfect equilibria when agents may ask for a replay of the mechanism
if they do not like the outcome it suggests. This notion of implementation has
a relatively simple characterization, and allows for the implementation of the
constrained Walrasian correspondence if agents discount the future.

While these papers take first steps towards modeling dynamic versions of
implementation, the question of what is implementable in dynamic contexts is
still largely open. Given that most design questions deal with institutions, such
as markets or voting procedures, that will be used more than once, this is one
of the most important open areas in the literature.

7.7 Endogenous choice of mechanisms

The theory of implementation is agnostic on how a social choice correspon-
dence is selected for implementation or how a society might choose a mecha-
nism. These are critical questions in understanding the eventual outcome of the
process. These are also difficult questions to formulate, since at some point one
has to make an ad hoc assumption about the process of choice. How do people
choose how to choose? Nonetheless one can ask for some sort of consistency
properties in decision making. Koray (2000), in a voting context, asks for
consistency in that a social choice function chosen by a society should be
consistent with the manner in which it is selected. That is, the selection of a
social choice function can be formulated as a social choice problem, and the
social choice function selected should be one that would be selected by itself.
A clever formulation (see Koray 2000) allows social choice functions to be
both the objects of choice and the methods of choice at the same time. Although
Koray’s result is negative (he finds that only a dictatorial social choice function



698 M. O. Jackson

is self-consistent), one can think of addressing such issues on restricted domains
and allowing for correspondences rather than functions.®®

The question of endogenous determination of mechanisms is one of par-
ticular importance if we wish to push implementation theory to the full extent
of positive implications and not simply normative ones.®” This is yet another
area with largely unexplored questions and themes.

7.8 Mechanisms in a larger natural context

Having a useful theory of implementation requires not only that we develop an
understanding of implementation via mechanisms with a variety of nice prop-
erties, but also that we keep track of the fact that the mechanism will generally
sit in a larger “natural” context that the designer may have no control over.
This issue is raised by Hurwicz (1994) where he points out that individuals
may have strategies that are beyond the control of the designer.®® Here, almost
by definition, the issues will be context specific and so we should not expect to
develop general abstract models that encompass large sets of applications.
Instead the variety of issues that arise will be specific to the problem at hand.

One issue that has been looked at is endogenizing the set of alternatives in
economic settings. This was explored by Postlewaite (1979) (see also Thomson
1977) who examined the possibility of individuals withholding (or destroying)
part of their endowments, which can lead to improvements for individuals.
Systematic analyses of endogenous endowments or production possibilities in
implementation in economic settings have been provided by Hurwicz et al.
(1995) and Hong (1996, 1998).

Settings other than production and exchange economies also have alter-
natives that are to some extent endogenous beyond the control of the mecha-
nism. This endogeneity can be critical to evaluating differences in mechanisms
as different mechanisms may provide very different incentives with regards to
how individuals behave in the larger context, and thus to which outcomes are
eventually realized. Other work in this spirit includes studies where the set
of candidates in a voting context are endogenous as explored in Dutta et al.
(1998, 2001), Eraslan and McLennan (2000), and Rodriguez-Alvarez (2000),
where mechanisms may be selected as in Lagunoff (1992), and situations where

66 New work by Barbera and Jackson (2000) avoids this impossibility result by focus-
sing on settings where voting is over two alternatives — a status quo and an alternative.
Voting rules are simply characterized by a quota of how many supporters are needed to
have the status-quo defeated. Under simple assumptions on uncertainty, voters indi-
viduals have nicely behaved preference over voting procedures. Barbera and Jackson
examine the existence of self-stable voting procedures: a given voting procedure is self-
stable if it is not defeated by some other voting procedure when the given voting pro-
cedure is used to make the choice.

67 A related branch of the mechanism design literature relates to the choice of mech-
anisms by competing sellers, as first studied by McAfee (1993).

68 This can also be related back to the issue of credibility, renegotiation, and ex post
individual rationality as discussed above, and so that discussion could very well have
been framed in this section.
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there are endogenous transfer payments from one player to another that may
affect the equilibrium structure of a mechanism, as in Jackson and Wilkie
(2000). The reason that this is an important issue is that the predictions of
what outcomes we might expect can be quite different if the individuals have
strategic choices (like deciding whether to be a candidate, or bribing other
individuals to take certain actions) that are outside of the standard imple-
mentation analysis. If such actions are available and unaccounted for then the
standard analysis that ignores such outside actions could be quite misleading.

A related matter is that an individual’s preferences and behavior may de-
pend on the mechanism itself. Glazer and Rubinstein (1998) present a context
where individuals providing messages (“opinions™) care explicitly about how
their message ends up comparing to the ultimate social decision, as they would
like to have their recommendation match the social choice. This introduces an
added layer of feedback between the mechanism and equilibrium behavior,
that presents interesting and challenging issues for implementation theory.
Such issues are generally unexplored in the theory, and one can think of any
number of examples beyond the Glazer and Rubinstein context (for instance
in principal-agent problems) where they are important.

7.9 Testing implementing mechanisms

As the theory continues to generate mechanisms for implementation, we can
begin to evaluate and compare them through testing, simulation, experiments,
and ultimately empirical work. For instance Chen (1997) compares behavior
observed in experiments involving a series of public goods mechanisms. She
attributes differences in performance to supermodularity properties of the
mechanisms, which then helps us appreciate another feature that we might
consider in designing mechanisms. One can also test some of the canonical
mechanisms directly as done by Sefton and Yavas (1996). They ran experi-
ments on the Abreu and Matsushima (1992a) mechanism, and present some
formidable hurdles for the theory.®®

Simulations can be also be used to study the same issues, as in Cabrales
(1999). He studies adaptive learning by players in some of the canonical mech-
anisms for implementation. The adaptive learning algorithm Cabrales analyzes
has features that allow for complete randomization over best responses which
can kick the process out of an integer game, and thus produce convergence
to equilibrium in Nash mechanisms. Ultimately, one would like a mechanism
to perform well under a variety of processes, and to offer fast convergence to
equilibrium as players learn or evolve.

9 These just touch the surface of what can be explored, and one can check whether
various criticisms of unnatural features of mechanisms are supported by experimental
evidence. For instance, how a mechanism with an integer game would be played?
Would players play equilibrium strategies? Would they end up trying to announce high
integers? (I am sure that Caltech undergraduates could be very creative in announcing
high integers.) How would behavior depend on the social choice correspondence being
implemented? Are they more likely to coordinate on the equilibrium play when there is
alignment of preferences?
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There is ample room for tests, simulations, experiments, and empirical re-
search on mechanisms to add valuable guidance and insight to the theory of
implementation. Issues such as how well various mechanisms perform when
players are not at equilibrium but learning or adjusting according to some
dynamic are quite important and some of the first issues that come to mind
when one takes an experimental point of view; and yet have not even been
touched by implementation theory.”®
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