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Digital Signal Processing

Solved HW for Day 1



Question 1: Elementary operators and their properties .(Pﬂ.

An operator S is a transformation of a given signal and is indicated by the notation:

ylnl = S{x[n]}.

For instance, the delay operator D is indicated as D{x[n]} = x[n — 1], and the differentiation
operator is indicated as A{x[n]} = x[n] — D{x[n]} = x[n] — x[n — 1].
A linear operator is one for which the following holds:

{S{ax[n]} = aS{x[n]}
S{x[n] + y[n]} = S{x[n]} + S{y[n]}.



Solution of Question 1 .(Pﬂ-

D{ax[n]} = ax[n — 1] = aD{x[n]}
D{x[n] + y[n]} = x[n = 1] + y[n — 1] = D{x[n]} + D{y[n]}.




Solution of Question 1 .(Pﬂ.

Q: Show that the differentiation operator A is linear. J

A is a linear combination of the identify operator with the linear operator D, therefore it is
also linear.



Solution of Question 1 .(Pﬂ-

S{ax[n]} = a®x?[n] = a?S{x[n]} # aS{x[n]}.




Question 2: Follow-up of Question 1 .(l)ﬂ.

In CN, any linear operator on a vector x can be expressed as a matrix-vector multiplication for
a suitable matrix A. Define the delay operator as the right circular shift of a vector:

D{X} = [XN_1X0X1 N XN_2]T.

Assume N = 4 for convenience; it is easy to see that: D{x} = x = Dx.
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Solution of Question 2 .(Pﬂ-




Solution of Question 2 .(Pﬂ-

The matrix realizes an integration operation over a vector in C*.



Question 3: Bases .(Pﬂ.

Let {x(k)}k=o0,... n—1 be a basis for a subspace S.
Prove that any vector z € S is uniquely represented in this basis.

Hint: prove by contradiction.



Solution of Question 3 .(Pﬂ.

v

Suppose by contradiction that the vector z € S admits two distinct representations in the
basis {X(k)}k:o,...,N—li

Hao,...,any-1},{Bo,--.,Bn_1} such that:
(a07 o ,OéN_]_) 75 (/807 o 75N—1)

z= ZkN:_Olakx(k),z = ZQIZ_OIka(k).

v

Thus, ZQI:_()lakx(k) = ZkN:_Ol,ka(k) or, equivalently, Zf:_ol(ak — Bi)xk) = 0.

v

Since {x(k)}kzo,m,,\/_l is a basis, it is a set of independent vectors and, by definition, the
above equation admits only the trivial solution ay — 8, =0, Vk=0,...,N — 1.

v

Thus, ay = Bk, Yk =0,..., N — 1 which concludes the proof.



Question 4: Review of complex numbers .(Pﬂ-

10



Question 4: Review of complex numbers .(l)ﬂ.

Recall that

N _ N+1
sz: 11z_z forz#£1
P N+1 forz=1.
Proof for z # 0 (for z = 1 is trivial)
s=1+z+224... +2V

—ZS:—Z—Z2—...—ZN—ZN+1.

Summing the above two equations gives

N+1 12"
l1—-2z)s=1-=z2 = 5=
(1-2) T3
Similarly
Ny _ SN2+1

gz—legz _
4
k=N,
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Question 4: Review of complex numbers

Q: Let s[n] := 3 + j2. Compute 3°7° ; sn].

(il
J

We have
Zs[n] 22_ +JZ3_
n=1
1 1-27N 1 1-3N Ny L N
= =(1-2" i=(1—-3"N).
=5 11 i3 73 = )+i5(1=377)
Now,
lim 2=V = |im 3™V =0.
N—oco N—oco
Therefore,

Zs[n]zl—i—%j.

n=1
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Question 4: Review of complex numbers

(gl

We can write
N

=G
2 sk =5 55

Since ]§| = % < 1, we have limy_0.(j/3)N = 0. Therefore,

Se= B L

— —J 10 10

3

10
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Question 4: Review of complex numbers .(Pﬂ.

Q: Characterize the set of complex numbers satisfying z* = z 1. J

From z* = z=1 with z € C, we have

zz" =1, Vz#0.

Therefore, |z|? = 1 and, consequently, |z| = 1. It follows that all the z such that z* = z71

describe the unit circle.
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Question 4: Review of complex numbers .(l)ﬂ.

Q: Find 3 complex numbers {zy, z1, zo} which satisfy z,-3 =1,i=1,2,3. J

Remark that &/2K™ — 1, for all k € Z. Therefore, z, = e/°5" is such that z2 =1. Now z is
periodic of period 3, i.e. zx = zx13/, for all | € Z. Therefore the (only) three different complex
numbers are o .

20=1 znn=¢€¢3 and z=¢€73.
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Question 4: Review of complex numbers .(Pﬂ-

We have

Since limy_0o 2N =0,
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Question 5: Review of eigenvalues and eigenvectors .(Pﬂ-

L e[
)

A__zl A__21> =(A—1P2—4=A-3)(A+1).

c(t) = det(A — A) = det <

Therefore, the eigenvalues are —1 and 3.
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Question b: Review of eigenvalues and eigenvectors .(Pﬂ.

The eigenvector © = [x1, xp] corresponding to the eigenvalue )\ is computes as the solution of
the equation

Ax = )\x.
The eigenvector corresponding to A = —1 is given by
Ax = —x.

We get xo = —x;. Choosing x; = 1 and xo = —1, after normalization we obtain

()

Following the same approach, the eigenvector corresponding to A = 3 is

=50
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Question b: Review of eigenvalues and eigenvectors .(Pﬂ.

Q: Find the the eigenvalues and eigenvectors of B = {g g] . J

det(M —B) = (A= (a+8)) (A= (a—5)) -

The eigenvalues are & — 8 and « + . The eigenvectors are then

w:%<_11> forA=a—-p

w:%G) for A\=a+ 0.

Remark that if 5 = 0, there is only an eigenvalue with a corresponding eigenvector

$:%<1> for A = a.
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Question b: Review of eigenvalues and eigenvectors .(Pﬂ.

Q: Show that A = VDV where the columns of V correspond to the eigenvectors of A and D
is a diagonal matrix whose main diagonal corresponds to the eigenvalues of A.

v=7(4)

o= ()3 ) G )56



