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Discrete Fourier Transform (DFT)

used for: finite support signals (x [n ]∈CN )

analysis formula: X [k ] =

N−1
∑

n=0

x [n ]W nk
N , k = 0, . . . , N −1

synthesis formula: x [n ] =
1

N

N−1
∑

k=0

X [k ]W −nk
N

, n = 0, . . . , N −1

symmetries: x [−n mod N ]
DFT
←→X [−k mod N ]

x ∗[n ]
DFT
←→ X ∗[−k mod N ]

shifts: x [(n −n 0) mod N ]
DFT
←→W

k n0

N X [k ]

W
−nk0

N x [n ]
DFT
←→ X [(k −k0) mod N ]

Parseval:
∑N−1

n=0
|x [n ]|2 =

1

N

N−1
∑

k=0

|X [k ]|2

Some DFT pairs for length-N signals: (n , k = 0, 1, . . . , N −1)

x [n ] = δ[n −M ] X [k ] = e−j 2π
N

M k

x [n ] = 1 X [k ] =Nδ[k ]

x [n ] = e j 2π
N

L X [k ] =Nδ[k − L]

x [n ] = cos( 2π
N

Ln +φ) X [k ] = (N/2)[e jφδ[k − L]+ e−jφδ[k −N + L)]]

x [n ] = sin( 2π
N

Ln +φ) X [k ] = (−j N/2)[e jφδ[k −L]− e−jφδ[k −N +L]]

x [n ] =

¨

1 for n ≤M − 1

0 for M ≤ n ≤N − 1

X [k ] =
sin((π/N )M k )

sin((π/N )k )
e−j π

N
(M−1)k

1



Discrete-Time Fourier Transform (DTFT)

used for: infinite, two sided signals (x [n ]∈ ℓ2(Z))

analysis formula: X (e jω) =

∞
∑

n=−∞

x [n ]e−jωn

synthesis formula: x [n ] =
1

2π

∫ π

−π

X (e jω)e jωn dω

symmetries: x [−n ]
DTFT
←→X (e−jω)

x ∗[n ]
DTFT
←→ X ∗(e−jω)

shifts: x [n −n 0]
DTFT
←→ e−jωn0 X (e jω)

e jω0n x [n ]
DTFT
←→ X (e j (ω−ω0))

Parseval:
∑∞

n=−∞ |x [n ]|
2 =

1

2π

∫ π

−π

|X (e jω)|2dω

Some DTFT pairs:

x [n ] = δ[n −k ] X (e jω) = e−jωk

x [n ] = 1 X (e jω) = δ̃(ω)

x [n ] = u [n ] X (e jω) =
1

1− e−jω
+

1

2
δ̃(ω)

x [n ] = a n u [n ] |a |< 1 X (e jω) =
1

1−a e−jω

x [n ] = e jω0n X (e jω) = δ̃(ω−ω0)

x [n ] = cos(ω0n +φ) X (e jω) = (1/2)[e jφδ̃(ω−ω0)+ e−jφδ̃(ω+ω0)]

x [n ] = sin(ω0n +φ) X (e jω) = (−j /2)[e jφδ̃(ω−ω0)− e−jφδ̃(ω+ω0)]

x [n ] =

¨

1 for 0≤ n ≤N − 1

0 otherwise

X (e jω) =
sin((N/2)ω)

sin(ω/2)
e−j N−1

2
ω

2


